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This paper is a continuation of our study of contact circles begun in [5].
In that paper we gave a complete classification of the closed, orientable 3-
manifolds that admit what we called a taut contact circle. Below we recall the
definition of this type of structure and some fundamental concepts and results
from our previous paper.
The main objective of the present paper is to introduce and describe defor-
mation spaces for taut contact circles. In [5] we had already observed that taut
contact circles admit non-trivial deformations, and we had described the mod-
uli spaces of taut contact circles on spherical 3-manifolds. Here we introduce
Teichmu¨ller and moduli spaces for taut contact circles in a more systematic
fashion, and we completely determine these spaces for all 3-manifolds admit-
ting taut contact circles.
1 Definitions and previous results
In this section we briefly summarise the basic definitions and the main result
from [5]. In later sections we shall occasionally quote other results from our
earlier paper without much further explanation, but on the whole we have
tried to make the present paper reasonably self-contained.
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Definition 1.1. A taut contact circle on a 3-manifold M is a pair of con-
tact forms (ω1, ω2) such that the 1-form λ1ω1+λ2ω2 is a contact form defining
the same volume form for all (λ1, λ2) ∈ S1 ⊂ R2. Equivalently, we require that
the following equations be satisfied:
ω1 ∧ dω1 = ω2 ∧ dω2 6= 0,
ω1 ∧ dω2 = −ω2 ∧ dω1.
If the mixed terms ω1 ∧ dω2 and ω2 ∧ dω1 are identically zero rather than just
of opposite sign, we speak of a Cartan structure.
The following was our main classification result in [5].
Theorem 1.2. Let M be a closed 3-manifold. Then M admits a taut contact
circle if and only if M is diffeomorphic to a quotient of the Lie group G un-
der a discrete subgroup Γ acting by left multiplication, where G is one of the
following.
(a) S3 = SU(2), the universal cover of SO(3).
(b) S˜L2, the universal cover of PSL2R.
(c) E˜2, the universal cover of the Euclidean group (that is, orientation
preserving isometries of the Euclidean plane).
Each of these manifolds admits a Cartan structure.
If (ω1, ω2) is a taut contact circle, then so is (vω1, vω2) for any positive
function v, and so is (ω1 cos θ − ω2 sin θ, ω1 sin θ + ω2 cos θ) for any constant
angle θ. When classifying taut contact circles, we shall do so up to this ambi-
guity. To this end we introduce the following concepts.
Definition 1.3. The conformal class (resp. homothety class) of a taut
contact circle (ω1, ω2) is the collection of all pairs (ω
′
1, ω
′
2) obtained from
(ω1, ω2) by multiplication by some positive function v (resp. multiplication by
some v and rotation by some θ).
2 Deformation spaces
We now introduce Teichmu¨ller and moduli spaces for taut contact circles in
complete analogy to the corresponding definitions for complex or other geo-
metric structures. Let M be a manifold as in Theorem 1.2. Write Diff(M) for
the diffeomorphism group ofM and Diff0(M) for the group of diffeomorphisms
isotopic to the identity. Let C(M) be the space of homothety classes of taut
contact circles on M . Our main objects of study in the present paper are the
following spaces.
Definition 2.1. The Teichmu¨ller space of taut contact circles on M is
T (M) = C(M)/Diff0(M).
The moduli space of taut contact circles is M(M) = C(M)/Diff(M).
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In terms of this language, the results from [5, Section 6] about the moduli
of taut contact circles on left-quotients of S3 can be stated as follows.
Theorem 2.2. Let M = Γ\SU(2) be a left-quotient of SU(2) under a (dis-
crete, cocompact) subgroup of SU(2). If Γ is non-abelian, then M(M) consists
of a single point. Otherwise, M must be a lens space L(m,m − 1), m ∈ N,
and M(L(m,m− 1)) is the disjoint union of M1 and M2 with
M1 = {a ∈ C : 0 < Re(a) < 1}/(a ∼ 1− a),
M2 = {n ∈ N : n ≡ −1 mod m}.
Remark 2.3. Our notational convention is that N stands for the natural num-
bers ≥ 1.
Of course, the component M2 of M(L(m,m− 1)) is in any case simply a
countable set, but the values n ≡ −1 modm have concrete geometric meaning,
namely, the contact circles corresponding to n ∈ M2 are induced from the
contact circle (ω1, ω2) on S
3 ⊂ C2 defined by
ω1 + iω2 = nz1dz2 − z2dz1 + zn2 dz2.
The contact circles corresponding to a ∈ M1 are given by
ω1 + iω2 = az1dz2 − (1− a)z2dz1.
As pointed out in [5] one cannot put a ‘good’ metric topology on the disjoint
union M1 ⊔M2. An analogous phenomenon was first observed by Kodaira-
Spencer [15] in their study of moduli of Hopf surfaces.
The Teichmu¨ller spaces for the spherical manifolds will be determined in
Section 6 (Theorems 6.2 and 6.6).
Henceforth, M will denote a closed, orientable 3-manifold of the form Γ\G
with G equal to S˜L2 or E˜2 and Γ a discrete, cocompact subgroup of G. Write
pi = pi1(M) ∼= Γ for the fundamental group of M . Consider the pair (pi,G),
where G is the geometry on which M is modelled. The first main result of the
present paper translates the geometric definition of Teichmu¨ller and moduli
spaces into a more algebraic one. This will later allow us to arrive at explicit
descriptions of these deformation spaces. First we recall the following concept,
cf. [12], [16], [30].
Definition 2.4. The Weil space R(pi,G) is the space of faithful representa-
tions ρ of pi in G such that ρ(pi) is discrete and cocompact in G.
Elements a ∈ G act from the left on R(pi,G) by inner automorphisms
ρ 7−→ ρa, ρa(u) = aρ(u)a−1.
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Write Inn(G) for the group of such inner automorphisms. The automorphism
group Aut(pi) of pi acts from the right on R(pi,G); an element ϑ ∈ Aut(pi) acts
by
ρ 7−→ ρ ◦ ϑ.
Write Out(pi) for the group of outer automorphisms of pi.
In the case G = E˜2 we make a slight modification to the Weil space. Recall
that E˜2 may be regarded as R3 with multiplication((
x0
y0
)
, θ0
)
·
((
x
y
)
, θ
)
=
((
cos θ0 − sin θ0
sin θ0 cos θ0
)(
x
y
)
+
(
x0
y0
)
, θ0 + θ
)
.
We call the (x, y)-component of an element in E˜2 its translational part and
the θ-component its rotational part. Define
R′(pi, E˜2) = R(pi, E˜2)/R+,
where R+ acts on the Weil space by scaling of the translational parts of the
ρ(u), u ∈ pi.
Definition 2.5. The algebraic Teichmu¨ller space T alg(M) of M is de-
fined as
Inn(S˜L2)\R(pi, S˜L2)
if M is modelled on S˜L2, and as
Inn(E˜2)\R′(pi, E˜2)
if M is modelled on E˜2.
Theorem 2.6. If M is modelled on S˜L2 or E˜2, then
T (M) = T alg(M)
and
M(M) = T alg(M)/Out(pi).
Initially we shall treat the equal signs in this theorem merely as set-
theoretic bijections. In the course of our further explicit description of these
spaces we shall see that there are in fact natural topologies on these deforma-
tion spaces and the various quotients of the Weil space such that the equal
signs may be read as homeomorphisms.
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IfM is modelled on S˜L2, it admits a Seifert fibrationM → OM , unique up
to isotopy. Write T (OM ) for the Teichmu¨ller space of hyperbolic structures
on the base orbifold OM , and write T alg(OM ) for the algebraic Teichmu¨ller
space of OM , defined via representations of the orbifold fundamental group
in PSL2R. As will be explained in Section 4, a taut contact circle on M
induces in a natural way a hyperbolic structure on OM . We shall exhibit a
commutative diagram
T (M) Φ−−−→ T alg(M)y y
T (OM ) φ−−−→ T alg(OM ),
where Φ and φ are homeomorphisms, and the vertical maps are coverings.
Passing to moduli spaces, our theory entails the construction of certain
non-trivial branched coverings of the moduli space M(OM ) of hyperbolic
structures on OM . Some comments about this issue are made at the end
of Section 4; we reserve details for a forthcoming publication [9].
The complex structure on the ‘classical’ Teichmu¨ller space T (OM ) induces
complex structures on the other spaces in this diagram so that all maps become
local biholomorphisms. By exhibiting a universal family over T (M) it will be
shown in Section 7 that this complex structure on T (M) is the natural one
to consider. In the case of the geometries S3 and E˜2, Teichmu¨ller or moduli
space is (or will be) described explicitly as a complex space. In the E˜2 case
we also describe a universal family. In the S3 case it is clear from the explicit
description of the taut contact circles corresponding to M1 that the complex
structure on M1 is naturally adapted to the classification of taut contact
circles. Further justification of this will also be given in Section 7, where
we describe a complex Godbillon-Vey invariant, which turns out to define a
holomorphic isomorphism of M1 with a domain in C.
Theorem 2.6 shows that taut contact circles on left-quotients of S˜L2 or E˜2
have deformation spaces closely related to the deformation spaces for geometric
structures (in the sense of Thurston) on Seifert fibred 3-manifolds studied by
Kulkarni-Lee-Raymond [16]. For these geometric structures, the translation
from a geometric to an algebraic definition of the corresponding deformation
spaces is given by the developing map. This is not made explicit in [16],
where the investigation starts directly from the algebraic definition. In our
situation, slightly more work is necessary for this process of translation. It
needs to be pointed out that our algebraic set-up differs from that of [16] by
the fact that we consider representations in G rather than in the isometry
group of G. Moreover, our subsequent elaboration of these deformation spaces
in Sections 4 and 5 is closer in spirit to the work of Ohshika [20]. Compare
also the related results of Ue [29] about deformations of geometric structures
on Seifert 4-manifolds. Again, that paper deals directly with the algebraic
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definitions of the relevant deformation spaces.
We should like to argue that the deformation spaces for taut contact cir-
cles introduced in the present paper may prove valuable on two counts – apart
from the fact mentioned above that they give rise to interesting non-trivial
branched coverings ofM(OM ). First of all, they provide a geometric interpre-
tation (in a slightly altered setting) of the algebraic deformation spaces studied
by Kulkarni-Lee-Raymond, and thus carry structure not seen in T alg(M). This
additional structure might be of interest in getting a better understanding of
the related algebraic spaces, in particular the Weil space, just as classical (geo-
metric) Teichmu¨ller theory, notably the analytical methods developed there,
yield information about the Weil space of representations in PSL2R.
Secondly, our deformation spaces may be seen as a bridge between the
deformation theory of 2-dimensional orbifolds and that of complex surfaces.
In the case of S˜L2, it also makes sense to regard our theory as some sort of
desingularisation of the 2-dimensional theory.
Theorem 2.6 will be proved in Section 3. The explicit geometric descrip-
tions of these deformation spaces – the analogues of Theorem 2.2 – constitute
the other principal results of the present paper. For the geometry S˜L2 this
description is given in Theorem 4.11; for E˜2, in Theorem 5.2.
Remark 2.7. In our definition of a taut contact circle we have opted not to
make any assumptions on orientations. That is, we do not require that ωi∧dωi
be a positive volume form for a chosen orientation onM . As it turns out, most
of the manifolds that admit taut contact circles, e.g. left-quotients of S˜L2 and
non-abelian left-quotients of SU(2), do not admit any orientation reversing
diffeomorphisms, see [18]. In these cases, it will be implicit in our results that
all taut contact circles on a given M define one and the same orientation.
By taking triples of 1-forms in place of pairs, but otherwise making re-
quirements analogous to those in Definition 1.1, we arrive at the notion of
a taut contact sphere. As shown in [5], such structures exist exactly on
the left-quotients of SU(2). The corresponding moduli problem is solved
in [8], by methods quite different from those in the present paper. No higher-
dimensional linear families of contact forms can exist on 3-manifolds, because
our definition implies in particular the pointwise linear independence of the
1-forms spanning the linear family. Some generalisations of these concepts to
higher-dimensional manifolds have been discussed in [7] and [11].
3 Cartan structures and Weil spaces
In this section we prove Theorem 2.6. We begin with several preliminary ob-
servations about Cartan structures. The idea is to show that, in the cases
of interest to us, each conformal class of taut contact circles contains an es-
sentially unique distinguished Cartan structure (Proposition 3.5). With the
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help of this Cartan structure we can define an analogue of the developing
map for geometric structures (Lemma 3.7), which will be the key to proving
Theorem 2.6.
Lemma 3.1. Let (ω1, ω2) be a Cartan structure on some 3-manifold. Then
there is a unique 1-form ω3 such that
dω1 = ω2 ∧ ω3,
dω2 = ω3 ∧ ω1.
The proof of this simple lemma is left to the reader. Occasionally we write
a Cartan structure as (ω1, ω2, ω3) if we wish to fix a label for the third 1-form
determined by (ω1, ω2).
Definition 3.2. A Cartan structure (ω1, ω2) is called a K-Cartan structure
if the unique ω3 of the preceding lemma satisfies
dω3 = Kω1 ∧ ω2.
Here K may in principle be any function on M that is constant along the
common kernel of ω1 and ω2 (since dK ∧ ω1 ∧ ω2 = d2ω3 = 0), but the two
cases of interest to us will be K ≡ −1 and K ≡ 0. Notice that the Lie groups
G in Theorem 1.2 are exactly the universal covers of the group of orientation
preserving isometries of the simply-connected 2-dimensional space forms. For
K a constant, write GK for the corresponding Lie group. We mention without
proof the following variation on Theorem 1.2, which can be derived without
much trouble from the results of [5].
Proposition 3.3. LetM be a closed 3-manifold. ThenM admits a K-Cartan
structure with K constant if and only if M is diffeomorphic to a left-quotient
Γ\GK .
Remark 3.4. A 3-manifold with a (−1)-Cartan structure is equivalent to
what Jacobowitz [14] calls a projective structure. These structures are
defined as a 3-dimensional manifold together with a triple of independent 1-
forms β1, β2, β3 satisfying the equations
dβ1 = −β2 ∧ β3,
dβ2 = −2β1 ∧ β2
dβ3 = 2β1 ∧ β3.
The translation from a projective structure to a (−1)-Cartan structure is given
by ω1 = 2β1, ω2 = β2 + β3, ω3 = β2 − β3.
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Proposition 3.5. (a) Let M be a (compact) left-quotient of S˜L2. In each
conformal class of taut contact circles on M there is one and only one (−1)-
Cartan structure.
(b) Let M be a (compact) left-quotient of E˜2. Every conformal class of taut
contact circles on M contains a 0-Cartan structure. This 0-Cartan structure
is unique up to multiplication by a positive constant.
Proof. (a) Existence of a (−1)-Cartan structure in every homothety class was
proved in [5, Thm. 7.4]; since the rotate of a K-Cartan structure is again a K-
Cartan structure (with the same ω3) we also have existence in every conformal
class. To prove uniqueness, we argue as follows. Let (ω1, ω2) be a (−1)-Cartan
structure on M . As shown in the cited theorem from [5], the common kernel
kerω1 ∩ kerω2 determines a Seifert fibration M → OM , with OM a hyperbolic
orbifold. Lift (ω1, ω2) to a finite coveringM
′ →M corresponding to a covering
Σg → OM of OM by an honest surface. The (−1)-Cartan equations imply that
the symmetric bilinear form ω1 ⊗ ω1 + ω2 ⊗ ω2 is invariant under the flow of
X ∈ kerω1 ∩ kerω2 with ω3(X) = 1, and that it induces a metric of constant
curvature −1 on Σg.
Now assume that we have a further (−1)-Cartan structure (vω1, vω2) onM .
The structure equations imply dv ∧ ω1 ∧ ω2 = 0, so v is constant along the
fibres of the S1-fibration, and v2(ω1 ⊗ ω1 + ω2 ⊗ ω2) also induces a metric of
constant curvature −1 on Σg.
But there is a unique hyperbolic metric (of constant curvature −1) in a
given conformal class of metrics on Σg, since conformal automorphisms of the
hyperbolic plane H2 are actually isometries. This forces v ≡ 1.
(b) In the euclidean case, existence of a 0-Cartan structure in every con-
formal class was also proved in [5]. However, the common kernel of ω1 and ω2
will not, in general, define a Seifert fibration (cf. [5, Thm. 7.4]), so we need a
substitute for the argument in (a).
Assume that (ω1, ω2, ω3) and (vω1, vω2, ω
′
3) are 0-Cartan structures on a
given left-quotient of E˜2. As in (a) the structure equations imply dv∧ω1∧ω2 =
0. Since
ω1 ∧ ω2 ∧ ω3 = ω1 ∧ dω1 6= 0,
the ωi are pointwise linearly independent and we can write
dv = v1ω1 + v2ω2
with uniquely defined functions vi : M → R. Then the structure equations for
the two 0-Cartan structures yield
v2ω2 ∧ ω1 + vω2 ∧ ω3 = vω2 ∧ ω′3,
v1ω1 ∧ ω2 + vω3 ∧ ω1 = vω′3 ∧ ω1.
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This implies
ω′3 =
v2
v
ω1 − v1
v
ω2 + ω3
and
d(
v2
v
ω1 − v1
v
ω2) = d(
v2
v
ω1 − v1
v
ω2 + ω3) = dω
′
3 = 0.
Let ∗ be the Hodge star with respect to the Riemannian metric
ω1 ⊗ ω1 + ω2 ⊗ ω2 + ω3 ⊗ ω3
on M (and orientation given by ω1 ∧ ω2 ∧ ω3). Then
∗d log v = ∗dv
v
=
v1
v
ω2 ∧ ω3 + v2
v
ω3 ∧ ω1 = 1
v
(v1ω2 − v2ω1) ∧ ω3,
and hence d∗d log v = 0. On functions on 3-manifolds, the Laplace operator
∆ takes the form ∆ = − ∗d∗d, so we have in fact ∆ log v = 0, i.e. log v is
harmonic. Since M is closed, this forces log v and hence v to be constant. ✷
Remark 3.6. There is no analogue of this result for left-quotients of SU(2),
see [5, Section 6]. It is for this reason that in the spherical case there is no
direct translation into algebraic Teichmu¨ller and moduli spaces.
Fix a standard left-invariant K-Cartan structure (α1, α2, α3) on G, with
(G,K) equal to (S˜L2,−1) or (E˜2, 0), cf. [5, Section 2]. In particular, on E˜2 we
may choose
α1 = cos θ dx+ sin θ dy,
α2 = − sin θ dx+ cos θ dy,
α3 = −dθ
For each discrete, cocompact subgroup Γ ⊂ G, we continue to write αi for
the 1-forms induced on Γ \ G. If M is a compact manifold diffeomorphic to a
left-quotient of G, and (ω1, ω2, ω3) a K-Cartan structure on M , we keep the
same notation for the pull-back of this K-Cartan structure to the universal
cover M˜ .
Lemma 3.7. There is a diffeomorphism f : M˜ → G such that f∗(αi) = ωi,
i = 1, 2, 3, and such that f descends to a diffeomorphism f : M → Γ\G, for a
suitable discrete, cocompact subgroup Γ of G.
Remark 3.8. This diffeomorphism f is the analogue of the developing map
for (G,X)-structures in the sense of Thurston [27].
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Proof. According to [5, Thm. 1.6], given any taut contact circle (ω1, ω2) onM ,
there is a Γ ⊂ G and a diffeomorphism f : M → Γ\G which pulls back the
standard Cartan structure (α1, α2) on Γ\G to the homothety class of (ω1, ω2)
on M . Rotations of (α1, α2) on G (without changing α3) can be effected by
the flow of the Lie algebra element e3 dual to α3 (with respect to the basis
α1, α2, α3). This is the same as right multiplication by the one-parameter
subgroup corresponding to e3, and so it descends to any left-quotient Γ\G.
This implies that we can actually find a diffeomorphism f : M → Γ\G that
pulls back (α1, α2) to the conformal class of (ω1, ω2).
Now both (ω1, ω2) and f
∗
(α1, α2) are K-Cartan structures (the former by
assumption, the latter by construction). For (G,K) = (S˜L2,−1) this forces
(ω1, ω2) = f
∗
(α1, α2) by Proposition 3.5; for (G,K) = (E˜2, 0) we only get
(ω1, ω2) = cf
∗
(α1, α2) for some c ∈ R+.
Consider the Lie group isomorphism
sc : E˜2 −→ E˜2((
x
y
)
, θ
)
7−→
(
c
(
x
y
)
, θ
)
.
Then s∗c(α1, α2, α3) = (cα1, cα2, α3). Hence we obtain the desired diffeomor-
phism if we replace the lift f of f : M → Γ\G by sc ◦ f , and the subgroup Γ
by sc(Γ). ✷
This diffeomorphism f will determine a representation of pi = pi1(M) in G.
The following lemma describes the indeterminacy in this construction.
Lemma 3.9. Let f and f ′ be two diffeomorphisms M˜ → G as in the preceding
lemma, with corresponding subgroups Γ,Γ′ ⊂ G. Then there is a w ∈ G such
that f ′ = Lw ◦ f (and Γ′ = wΓw−1), with Lw denoting left multiplication.
Proof. Fix a base point p0 ∈ M˜ . There is a w ∈ G such that Lw◦f(p0) = f ′(p0).
The triple of 1-forms ω1 − α1, ω2 − α2, ω3 − α3 on M˜ × G (where we forgo
writing the pull-back maps of the projections onto the two factors) generate a
differential ideal I, that is, dI ⊂ I. For instance,
d(ω1 − α1) = ω2 ∧ (ω3 − α3) + (ω2 − α2) ∧ α3.
So I defines a 3-dimensional foliation on M˜ ×G. The graphs of f ′ and Lw ◦ f
are integral submanifolds of this foliation, and since both pass through the
point (p0, f
′(p0)) = (p0, Lw ◦ f(p0)), they must be identical. ✷
Proof of Theorem 2.6. The key to the proof of this theorem is that we have
the following ingredients:
(1) a developing map (constructed in the preceding lemmas), which allows
to translate from taut contact circles to suitable representations of the
fundamental group;
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(2) an analogue of the Nielsen theorem, which guarantees that all automor-
phisms of the fundamental group are induced by diffeomorphisms, and
thus ensures the surjectivity of this process of translation;
(3) an analogue of the Baer theorem, which allows to pass from homotopy
to isotopy, and thus ensures injectivity.
Any geometric structure (on manifolds homotopy equivalent to Eilenberg-
MacLane spaces) that provides these ingredients will have an algebraic defor-
mation theory based on representations of the fundamental group analogous
to the one we are about to construct.
Identify pi with the deck transformation group of the universal covering
M˜ →M . Thus we regard the elements of pi as acting on M˜ from the left.
Given a taut contact circle onM , choose aK-Cartan structure in its homo-
thety class. Choose a diffeomorphism f : M˜ → G, lifted from a diffeomorphism
f : M → Γ\G, with f∗(αi) = ωi, i = 1, 2, 3.
Given a deck transformation u ∈ pi of M˜ → M , we get a corresponding
deck transformation
f ◦ u ◦ f−1
of G → Γ\G. This must of course be an element of Γ ⊂ G. Indeed, f ◦ u ◦ f−1
acts trivially on a basis (α1, α2, α3) of left-invariant 1-forms, and hence on
every left-invariant 1-form; therefore f ◦ u ◦ f−1 is left multiplication by some
element ρ(u) ∈ G.
So a choice of K-Cartan structure and a choice of f determine a discrete,
faithful representation ρ ∈ R(pi,G) via the equation
f ◦ u = Lρ(u) ◦ f.
The following points (i)–(iii) discuss the dependence of ρ on the various choices
in this construction.
(i) According to Lemma 3.9, a different choice f ′ instead of f (with fixed
K-Cartan structure) must be of the form f ′ = Lw ◦ f for some w ∈ G. The
corresponding representation ρ′ satisfies
f ′ ◦ u = Lρ′(u) ◦ f ′
for all u ∈ pi, that is,
Lw ◦ f ◦ u = Lρ′(u) ◦ Lw ◦ f.
Hence
Lρ(u) ◦ f = f ◦ u = L−1w ◦ Lρ′(u) ◦ Lw ◦ f = Lw−1ρ′(u)w ◦ f,
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and we conclude w−1ρ′(u)w = ρ(u). So different choices of f lead to represen-
tations that differ by an element of Inn(G).
(ii) We can change a K-Cartan structure (ω1, ω2, ω3) on M within its
homothety class by rotating (ω1, ω2) by an angle θ and keeping ω3 fixed. Write
Rθ for the time θ flow of e3 on G (in the notation of the proof of Lemma 3.7).
The map Rθ is given by right multiplication, and it has the effect of keeping
α3 fixed and pulling back (α1, α2) to a θ-rotate of itself.
So replacing (ω1, ω2) by a θ-rotate amounts to replacing f by f
′ = Rθ ◦ f .
From the defining equation for the corresponding representation ρ′,
Rθ ◦ f ◦ u = Lρ′(u) ◦Rθ ◦ f,
we get
Lρ(u) = f ◦ u ◦ f−1 = R−1θ ◦ Lρ′(u) ◦Rθ.
But left and right multiplication commute, so ρ′(u) = ρ(u).
(iii) By Proposition 3.5, the rotation discussed in (ii) is the only ambiguity
in the choice of a (−1)-Cartan structure within a homothety class of taut
contact circles on a left-quotient of S˜L2. For left-quotients of E˜2 we may also
scale the 0-Cartan structure by a positive constant. If f : M˜ → E˜2 pulls
back (α1, α2, α3) to (ω1, ω2, ω3), then f
′ = sc ◦ f , c ∈ R+, pulls it back to
(cω1, cω2, ω3). So the representation ρ
′ corresponding to (cω1, cω2) is defined
by
sc ◦ f ◦ u = Lρ′(u) ◦ sc ◦ f,
hence
Lρ′(u) = sc ◦ Lρ(u) ◦ s−1c .
If
ρ(u) =
((
xu
yu
)
, θu
)
,
then a straightforward calculation gives
ρ′(u) =
(
c
(
xu
yu
)
, θu
)
,
so ρ and ρ′ define the same element of R′(pi, E˜2).
From (i)–(iii) we conclude that there is a well-defined map
Φ˜: C(M) −→ T alg(M),
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where T alg is the algebraic Teichmu¨ller space introduced in Definition 2.5.
(iv) The next step is to see that Φ˜ induces a map
Φ: T (M) −→ T alg(M).
To this end, suppose that we take the pull-back of a given taut contact circle
(ω1, ω2) on M under ϕ ∈ Diff0(M). The corresponding K-Cartan structures
in the respective homothety classes may also be assumed to be related by the
pull-back map ϕ∗. The diffeomorphism ϕ lifts to a diffeomorphism ϕ of M˜ .
Then f ◦ ϕ : M˜ → G is a lift of f ◦ ϕ : M → Γ\G and (f ◦ ϕ)∗αi = ϕ∗ωi,
i = 1, 2, 3. So the representation ρ′ corresponding to ϕ∗(ω1, ω2) is defined by
f ◦ ϕ ◦ u = Lρ′(u) ◦ f ◦ ϕ.
But ϕ ◦ u ◦ ϕ−1 = u, because ϕ is homotopic to the identity, so ρ′(u) = ρ(u).
(v) To complete the proof of the statement in Theorem 2.6 about Teich-
mu¨ller spaces, we need to show that Φ is a bijection.
Φ is surjective: To prove this we first observe that the diffeomorphism
type of ρ(pi)\G is completely determined by the isomorphism type of pi: For
G = S˜L2 this is a consequence of the fact that ρ(pi)\S˜L2 is a large Seifert
manifold in the sense of Orlik [21, p. 92] with fundamental group pi, see [21,
p. 97]. For G = E˜2 this follows from the complete classification of left-quotients
of E˜2; up to diffeomorphism these are exactly the five torus bundles over S
1
with periodic monodromy, and it is easy to compute explicitly that they are
distinguished by their fundamental groups, see Section 5.
Therefore any ρ ∈ R(pi,G) gives rise to a diffeomorphic copy ρ(pi)\G of M .
Moreover, the diffeomorphism M → ρ(pi)\G can be chosen such that its in-
duced map on fundamental groups gives the representation ρ, because for the
manifolds under consideration any automorphism of the fundamental group
can be induced by a diffeomorphism of the manifold.
For the left-quotients of E˜2 this last fact was proved by Neuwirth [19]. For
the left-quotients of S˜L2 we argue as follows. First one observes that in this
case pi contains a unique maximal normal subgroup isomorphic to Z, generated
by the class of a regular fibre of the Seifert fibration M → OM , cf. [24] and
Section 4 below. Thus an automorphism of pi induces an automorphism of
the orbifold fundamental group piorb = piorb1 (OM ), i.e. the deck transformation
group of the universal covering of OM (which in this case is the hyperbolic
plane H2). By the generalised Nielsen theorem, cf. [34, Thm. 8.1], this auto-
morphism of piorb is induced by conjugation with a diffeomorphism ψ of H2.
This ψ has to send any elliptic element of piorb to another elliptic element of
the same order. In other words, ψ descends to an ‘orbifold diffeomorphism’
ψ of OM which preserves the set of cone points and may permute only cone
points of the same order amongst each other. Moreover, the multiple fibres
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over cone points that are being permuted must have the same Seifert invari-
ants (α, β), since we started with an automorphism of pi. Therefore ψ lifts to
a diffeomorphism of M , inducing the given automorphism of pi.
Remark 3.10. The preceding argument about lifting a diffeomorphism ψ of
OM to a diffeomorphism ψ ofM – provided ψ corresponds to an automorphism
of piorb induced from one of pi – is valid for all Seifert manifolds fibred over
a hyperbolic orbifold. For left-quotients M of S˜L2 we shall in fact see in
Section 4 that – on a fixed M – multiple fibres of the same order α always
have the same Seifert invariant (α, β). This is not true, in general, for quotients
of S˜L2 under discrete, cocompact subgroups of the full isometry group of S˜L2,
or Seifert manifolds modelled on the geometry H2 ×R. As a consequence, for
left-quotients M of S˜L2 any diffeomorphism of OM lifts to one of M . This
causes some essential simplification as compared with the results of [16]; see
in particular the proof of Lemma 4.13 below.
Φ is injective: Suppose we have two elements in T (M) with the same image
in T alg(M) under Φ. By (i) and (iii) above we may choose K-Cartan struc-
tures (ω1, ω2) and (ω
′
1, ω
′
2) representing these two elements and corresponding
diffeomorphisms f, f ′ : M˜ → G in such a way that we get the same image even
in R(pi,G), that is, we may assume that for all u ∈ pi we have
f ◦ u = Lρ(u) ◦ f,
f ′ ◦ u = Lρ(u) ◦ f ′.
Then
f−1 ◦ f ′ ◦ u = f−1 ◦ Lρ(u) ◦ f ′ = u ◦ f−1 ◦ f ′,
which implies that f−1◦f ′ descends to a diffeomorphism ϕ ofM which induces
the identity on pi = pi1(M) and pulls back (ω1, ω2) to (ω
′
1, ω
′
2). Since M is an
Eilenberg-MacLane space K(pi, 1), this implies that ϕ is homotopic to the
identity. By results of Waldhausen [31], Scott [25], and Boileau-Otal [2], for
the spaces in question this implies that ϕ is isotopic to the identity. Thus
(ω1, ω2) and (ω
′
1, ω
′
2) define the same element in T (M).
(vi) Next we want to prove the statement of Theorem 2.6 concerning the
moduli space M(M). Define
Malg(M) = T alg(M)/Out(pi).
So we have a map
T (M) −→Malg(M),
given by composing Φ with the quotient map T alg(M) → Malg(M), and
analogous to point (iv) above we need to check that this descends to a map
Φ′ : M(M) −→Malg(M).
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Consider a taut contact circle (ω1, ω2) on M and its pull-back under ϕ ∈
Diff(M). As in (iv) we find for the representations ρ and ρ′ corresponding to
(ω1, ω2) and ϕ
∗(ω1, ω2), respectively, that
Lρ′(u) ◦ f = f ◦ ϕ ◦ u ◦ ϕ−1 = Lρ(ϕ◦u◦ϕ−1) ◦ f.
Hence ρ′(u) = ρ ◦ ϑ(u), where ϑ ∈ Aut(pi) is defined by u 7→ ϕ ◦ u ◦ ϕ−1, and
hence [ρ′] = [ρ] in Malg(M).
In spite of its appearance, the automorphism ϑ is of course, in general,
not an inner automorphism of pi. Moreover, inner automorphisms of pi do not
move points in T alg(M), so it is appropriate to defineMalg(M) as the quotient
of T alg(M) under Out(M).
(vii) Finally it remains to be checked that Φ′ is bijective. Surjectivity is
proved as in (v) (without having to worry about choosing a particular dif-
feomorphism M → ρ(pi)\G). To prove injectivity, suppose that we have two
elements inM(M) with the same image inMalg(M) under Φ′. By (i) and (iii)
we may assume that these elements in M(M) are represented by K-Cartan
structures (ω1, ω2) and (ω
′
1, ω
′
2) which already have the same image in
S(pi) = R(pi,G)/Aut(pi),
which is usually called the Chabauty space of pi (or space of discrete sub-
groups). So we have representations ρ, ρ′ ∈ R(pi,G) with ρ′ = ρ ◦ ϑ for some
ϑ ∈ Aut(pi), and diffeomorphisms f, f ′ : M˜ → G that pull back (α1, α2) to
(ω1, ω2) and (ω
′
1, ω
′
2), respectively, such that
f ◦ u = Lρ(u) ◦ f,
f ′ ◦ u = Lρ◦ϑ(u) ◦ f ′.
It is important to observe that both f and f ′ are lifted from diffeomorphisms
M → Γ\G with Γ = ρ(pi) = ρ′(pi). So f−1 ◦ f ′, as in (v), descends to a
diffeomorphism ϕ ofM that pulls back (ω1, ω2) to (ω
′
1, ω
′
2), so these K-Cartan
structures define the same element in M(M). The automorphism ϑ of pi is
determined by the action of ϕ on pi, since
f−1 ◦ f ′ ◦ u = ϑ(u) ◦ f−1 ◦ f ′.
This concludes the proof of Theorem 2.6. ✷
4 S˜L2-geometry
Let M be a left-quotient of S˜L2. Then M is Seifert fibred, and – in contrast
with the other geometries we are considering – the Seifert fibration is unique
up to isotopy, cf. [24], [20, Cor. 2.3]. In particular, the (closed, orientable) base
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orbifold OM is uniquely determined by M (up to diffeomorphism). Hence, if
(ω1, ω2) is a taut contact circle, its common kernel will induce this unique
Seifert fibration (cf. the proof of Proposition 3.5). Moreover, if (ω1, ω2) is the
(−1)-Cartan representative in that conformal class, ω1 ⊗ ω1 + ω2 ⊗ ω2 will
define a hyperbolic metric on OM , and the coframe (ω1, ω2) will induce an
orientation on OM . The pair (ω2, ω1) would induce the same metric, but the
opposite orientation. So it would seem reasonable to fix an orientation of OM
once and for all, and only to consider taut contact circles on M compatible
with this orientation. Yet, for the translation to an algebraic deformation
theory it is more convenient not to fix such an orientation.
Thus, write C(OM ) for the space of hyperbolic metrics (of constant curva-
ture −1) on OM , together with a choice of orientation. Equivalently, C(OM )
may be regarded as the space of complex structures on OM . Teichmu¨ller and
moduli space of such metrics are defined as
T (OM ) = C(OM )/Diff0(OM ),
M(OM ) = C(OM )/Diff(OM ),
These spaces come equipped with a natural topology, cf. [27]. Notice that our
definition entails that T (OM ) has two components (corresponding to the two
choices of orientation), each homeomorphic to R6g−6+2n, where g is the genus
and n the number of cone points of OM .
Again there are algebraic definitions of these deformation spaces. Write
H2 = {τ ∈ C : Im τ > 0}
for the upper half-plane. Its group of orientation preserving isometries is
PSL2R, acting by fractional linear transformations. As earlier let piorb de-
note the orbifold fundamental group piorb1 (OM ), i.e. the deck transformation
group of the universal covering of OM (an explicit presentation of this group
will be given shortly). Consider the Weil space R(piorb,PSL2R) of faithful
representations piorb → PSL2R with discrete, cocompact image, and set
T alg(OM ) = Inn(PSL2R)\R(piorb,PSL2R),
Malg(OM ) = T alg(OM )/Out(piorb).
Notice that T alg(OM ) has two components, just as T (OM ). To get only one
component, one would have to restrict to representations that are related
to one another by conjugation by an orientation preserving homeomorphism
of H2. This, however, would entail a not entirely obvious restriction of the
allowable automorphisms of piorb.
Remark 4.1. Let Π be an abstract group topologised discretely, and G a
connected Lie group (or at least a group such that the index of the identity
component G0 in G is finite). Write Hom(Π, G) for the space of representations
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Π→ G, equipped with the topology of pointwise convergence. A fundamental
result of Weil, cf. [12], [30, p. 191], says that the Weil space R(Π, G) is open in
Hom(Π, G). In the sequel, the algebraic Teichmu¨ller and moduli spaces will be
equipped with the quotient topology coming from the topology of R ⊂ Hom.
In classical Teichmu¨ller theory it is shown that the maps
φ : T (OM ) −→ T alg(OM )
and
φ′ : M(OM ) −→Malg(OM )
given by the developing map are homeomorphisms, cf. [12, p. 301], [30, p. 194].
In Section 3 we employed arguments analogous to these classical ones. The
key points in the classical theory is an analogue of Nielsen’s (and Baer’s)
theorem for orbifolds, establishing an equivalence between isotopy classes of
self-diffeomorphisms and outer automorphisms of piorb (cf. step (v) in the proof
of Theorem 2.6), see [17].
We recall a few further facts about Seifert manifolds from [21], [24]. As-
sume that M has normalised Seifert invariants
{g, b, (α1, β1), ..., (αn, βn)}.
Since we are dealing with a left-quotient of S˜L2, we know that the orbifold
Euler characteristic of the base
χorb(OM ) = 2− 2g − n+
n∑
j=1
1
αj
and Euler number of the Seifert fibration
e = −
(
b+
n∑
j=1
βj
αj
)
satisfy
χorb(OM ) < 0 and e 6= 0.
Furthermore, by a theorem of Raymond and Vasquez [22], cf. [6], there are
integers r, k1, ..., kn such that
rb = 2g − 2−
n∑
j=1
kj ,
rβj = αj − 1 + kjαj , j = 1, ..., n.
Observe that the integer r is completely determined by the normalised Seifert
invariants, thanks to the formula r = χorb/e, cf. Remark 4.9 below.
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Remark 4.2. The βj satisfy, by the definition of normalised Seifert invari-
ants, 1 ≤ βj < αj, and so the equations above show that the multiple fibres
with the same αj also have the same βj . This is false, in general, for Seifert
manifolds which are not diffeomorphic to a left-quotient of S˜L2.
In the sequel we fix the following presentations of piorb = piorb1 (OM ) and
pi = pi1(M):
piorb =
{
u1, v1, ..., ug, vg, q1, ..., qn :
∏
i
[ui, vi]
∏
j
qj = 1, q
αj
j = 1
}
pi =
{
u1, v1, ..., ug , vg, q1, ..., qn, h :
∏
i
[ui, vi]
∏
j
qj = h
b,
q
αj
j h
βj = 1, h central
}
.
Most of the work towards achieving explicit descriptions of the deformation
spaces in the S˜L2-case will be contained in the proof of the following theorem
about Weil spaces. Compare [16, Thm 2.5] for the corresponding statement
when representations in Isom0(S˜L) are being considered.
Theorem 4.3. Let M be a left-quotient of S˜L2 with fundamental group pi.
The Weil space R(pi, S˜L2) of M is a trivial principal Z2g-bundle over the Weil
space R(piorb,PSL2R) of OM .
Remark 4.4. Our argument is largely analogous to considerations of Oh-
shika [20] concerning the space R(pi, Isom0(S˜L2)). However, he uses an invalid
presentation for pi. Our argument repairs that oversight.
We prepare for the proof of Theorem 4.3 by first establishing a concrete
topological realisation of the orbifold fundamental group, and by describing
the geometry S˜L2 in a little more detail.
The deck transformation group piorb
Let OM be a fixed topological orbifold of genus g and with n cone points
of multiplicity α1, . . . , αn. We do not yet fix a hyperbolic structure on OM .
Choose a base point x0 ∈ OM distinct from all the cone points, and a lift
x˜0 ∈ O˜M of x0 in the universal covering space O˜M . Choose a system of 2g
loops on OM , based at x0, and a curve from x0 to each of the cone points,
such that OM looks as in Figure 1 when cut open along these 2g + n curves.
We may interpret that figure as a fundamental region in O˜M ; it is determined
(amongst all possible fundamental regions whose boundary polygon maps to
the chosen system of curves) by the indicated placement of x˜0 on its boundary.
Notice that the sides of this polygon labelled εj , ε
′
j meet at a vertex mapping
to the j-th cone point in OM ; all other vertices are lifts of x0.
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q
n
q
1
x˜0
u1vg
v1ug
εn(ε
′
1
)−1
(ε′
n
)−1ε1
σ1(τ
′
g
)−1
τ1(σ
′
g
)−1 (σ′
1
)−1τg
(τ ′
1
)−1σg
Figure 1: A fundamental domain for OM .
Let u1, v1, . . . , ug, vg, q1, . . . , qn be the deck transformations of O˜M which
effect the gluing maps of the sides of the chosen fundamental polygon as in-
dicated in Figure 1. The deck transformation
∏
i[ui, vi]
∏
j qj (read from the
right as a composition of maps) fixes the point x˜0, which is not the lift of a
cone point, so we conclude ∏
i
[ui, vi]
∏
j
qj = 1.
Similarly, we have
q
αj
j = 1, j = 1, . . . , n.
So our choices provide us with a topological realisation of piorb as deck transfor-
mation group, consistent with the presentation of piorb fixed earlier on. Once
OM is equipped with a hyperbolic structure and an orientation, then O˜M = H2
and the ui, vi, qj are isometries of H
2, i.e. elements of PSL2R. The identifica-
tion of O˜M with H2 is uniquely determined if we specify, for instance, the lift
x˜0 ∈ H2, the initial direction of σ1 at that point, and require that the orienta-
tion lifted from OM coincides with a chosen orientation of H2. In this way an
oriented hyperbolic structure on OM defines an element of R(piorb,PSL2R).
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The geometry S˜L2
Identify S˜L2, the universal cover of the unit tangent bundle STH2, with H2×R
with coordinates (z, θ), cf. [32], [28], [5]. An element A =
(
a b
c d
)
∈ PSL2R
acts isometrically on H2 by the fractional linear transformation
A(z) =
az + b
cz + d
.
On differentiation this yields
∂z 7−→ ∂z
(cz + d)2
.
By taking the argument modulo 2pi of the logarithm of this action, we obtain
the description of the differential of A in terms of the coordinates (z, θ mod 2pi)
for STH2:
(z, θ mod 2pi) 7−→
(
az + b
cz + d
, θ − 2 arg(cz + d) mod 2pi
)
.
An element A ∈ S˜L2 that maps to A ∈ PSL2R then acts by left-multiplication
on S˜L2 = S˜TH2 as
A(z, θ) =
(
az + b
cz + d
, θ − 2 arg(cz + d)
)
,
where the argument function depends on z ∈ H2 and the lift A of A.
For A hyperbolic, or elliptic of finite order, we can define a preferred lift A
as follows:
• If A is a hyperbolic element, then the action of A on the θ-coordinate
is defined by parallel translation of a unit tangent vector along the axis
of A.
• If A is an elliptic element of order α ∈ N, rotating by 2pi/α in positive
direction around its fixed point (with respect to the complex orientation
of H2), then A is determined by Aα(z, θ) = (z, θ + 2pi).
More geometrically, this means the following. Given a hyperbolic ele-
ment A, take the path of hyperbolic elements, all with the same axis, from the
identity in PSL2R to A. If A is elliptic, rotating by 2pi/α in positive direction,
take the path of rotations about the same fixed point, starting at the identity
and ending with A (without completing any full turns). The lifts of these
paths to S˜L2, starting at the identity, end at the preferred lift A of A.
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The sign in the lift of an elliptic element is crucial for the subsequent
discussion, so we give a brief justification for it. Consider the element
At =
(
cos t sin t
− sin t cos t
)
.
Notice that, for increasing t ∈ R, the action of At on H2 by fractional linear
transformations defines a positive (i.e. counterclockwise) rotation about i ∈
H2. The differential of At is given by
(z, θ) 7−→ (At(z), θ − 2 arg(−z sin t+ cos t) mod 2pi).
In particular,
(i, θ) 7−→ (i, θ − 2 arg(−i sin t+ cos t) mod 2pi).
Up to integer multiples of 2pi we have arg(cos t − i sin t) = −t. Therefore the
choice of −t for this argument is the only one for which the lifts At of At form
a 1-parameter subgroup. This yields
Api(z, 0) = (z, θ + 2pi).
Recall that the identity component Isom0(S˜L2) of the full isometry group of
S˜L2 is S˜L2×ZR, where the R-factor acts by translation of the θ-coordinate, and
Z corresponds to the kernel of the (S˜L2 × R)-action, generated by (Api,−2pi),
cf. [5, p. 188] (beware that in the cited reference we worked with a negative
rotation).
Proof of Theorem 4.3. Suppose we are given ρ ∈ R(piorb,PSL2R). Assume
that the orientation of OM is chosen in such a way that the loop∏
i
σiτi(σ
′
i)
−1(τ ′i)
−1
∏
j
εj(ε
′
j)
−1 (1)
(where the composition of paths is read, as usual, from the left), corresponds
under the developing map to a positively oriented polygonal loop in H2. This
amounts to fixing one of the two components of R(piorb,PSL2R), and geo-
metrically it means that Figure 1 may be interpreted as a fundamental region
inside H2 with its standard orientation. In particular, the qj (or more pre-
cisely: ρ(qj)) are rotations in positive direction by 2pi/αj .
Now lift ρ to a representation ρ0 : pi → Isom0(S˜L2) as follows:
• The ρ0(ui) and ρ0(vi) are defined as the preferred lifts of ρ(ui) and ρ(vi),
respectively.
• ρ0(h)(z, θ) = (z, θ + 2pir).
• ρ0(qj) is the lift of ρ(qj) that satisfies ρ0(qj)αjρ0(h)βj = 1.
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(For the other choice of orientation, the sign in the definition of ρ0(h) needs
to be changed).
Remark 4.5. The integer r is what we called the fibre index in [6]. Geo-
metrically it describes the number of full turns along a regular fibre of M →
OM made by the two contact planes in the standard taut contact circle on
ρ0(pi)\S˜L2.
Lemma 4.6. This does indeed define a representation of pi, and in fact we
have ρ0 ∈ R(pi, S˜L2).
Proof. We first check that ρ0(qj) ∈ S˜L2; for all the other generators of pi this
is clear by definition. The preferred lift of ρ(qj) lies in S˜L2. With our choice of
orientation, ρ(qj) is an elliptic element rotating by 2pi/αj in positive direction
around its fixed point. So the αj-th power of the preferred lift of ρ(qj) gives
a shift by 2pi in θ-direction. Thus ρ0(qj) differs from the preferred lift by a
translation in θ-direction by
−2pi1 + βjr
αj
= −2pi(1 + kj) ∈ 2piZ,
so it also lies in S˜L2.
Provided that ρ0 is a representation of pi, it is clear from the geometry of
S˜L2 that ρ0(pi)\S˜L2 will define a Seifert manifoldM with base orbifold OM . So
to verify that ρ0 ∈ R(pi, S˜L2), it only remains to be checked that our definition
of ρ0 is compatible with the relations in pi.
Write ρ′0(qj) for the lift of ρ(qj) to Isom0(S˜L2) which satisfies ρ
′
0(qj)
αj = 1
(that is, ρ′0(qj) is distinguished amongst all lifts of ρ(qj) as the one which
does not act as a non-trivial helicoidal motion). This ρ′0(qj) differs from
the preferred lift of ρ(qj) by a shift in θ-direction by −2pi/αj ; in particu-
lar, ρ′0(qj) 6∈ S˜L2 ⊂ Isom0(S˜L2). The reason for introducing this lift is its
geometric significance implicit in the following statement:
∏
i
[ρ0(ui), ρ0(vi)]
∏
j
ρ′0(qj)(z, θ) = (z, θ − 2piχorb(OM )). (2)
This equation also appears in [28], but we trust the reader will appreciate
a little more elucidation than is given there. Notice that −2piχorb is the area
of OM , hence may be thought of as minus the integral of the constant Gauß
curvature −1 over a fundamental region for OM in H2. To prove equation (2)
it therefore suffices to show, by the classical Gauß-Bonnet theorem, that the
total effect on the θ-coordinate of the isometries on the left-hand side is equal
to the parallel transport along the inverse of the loop (1).
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Different choices of lifts of ρ(ui) and ρ(vi) do not affect the commutators
on the left-hand side of (2), so instead of ρ0(ui) and ρ0(vi) we may use lifts
ρ′0(ui) and ρ
′
0(vi) defined as follows (refer to Figure 2 for notation, where we
drop the index i for convenience, and recall that S˜L2 = S˜TH2).
• For X ∈ S˜TcH2, that is, an element of S˜TH2 in the R-fibre over c ∈ H2,
we have that ρ′0(u)(X) ∈ S˜TbH2 is obtained by parallel transport of X
along τ−1, and ρ′0(v)(X) ∈ S˜TdH2 is obtained by parallel transport of
X along (σ′)−1.
a
b
c
d
e
u
v
(τ ′)−1
τ
σ
(σ′)−1
Figure 2: Definition of ρ′0(u) and ρ
′
0(v).
Since ρ(u) maps σ′ isometrically to σ and ρ(v) maps τ isometrically to τ ′,
it is a simple matter to check that the map
[ρ′0(u), ρ
′
0(v)] : S˜TeH2 −→ S˜TaH2
is given by parallel transport along the path τ ′σ′τ−1σ−1.
For the elliptic elements we argue similarly. The previously defined ρ′0(qj)
fixes the fibre of S˜TH2 over the corresponding cone point, and since ρ(qj)
maps ε′j isometrically onto εj , we see that ρ
′
0(qj) is given by parallel transport
along ε′jε
−1
j . This proves equation (2).
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We can now complete the proof of Lemma 4.6. We only need to verify that
ρ0 respects the relation
∏
i[ui, vi]
∏
j qj = h
b. We have
ρ0(qj)(z, θ) = ρ
′
0(qj)(z, θ)− (0, 2pi
βjr
αj
).
Hence ∏
i
[ρ0(ui), ρ0(vi)]
∏
j
ρ0(qj)(z, θ) = (z, θ + θ0)
with
θ0/2pi = −χorb(OM )−
∑
j
βjr
αj
= −
(
2− 2g − n+
∑
j
1
αj
)
−
∑
j
(
1− 1
αj
+ kj
)
= 2g − 2−
∑
j
kj
= rb,
thus ∏
i
[ρ0(ui), ρ0(vi)]
∏
j
ρ0(qj) = ρ0(h)
b,
as desired. This completes the proof of Lemma 4.6. ✷
We have thus found a particular lift ρ0 ∈ R(pi, S˜L2) of ρ ∈ R(piorb,PSL2R).
It remains to settle the question what ambiguity there is in the choice of such
a lift. The next lemma shows that for the generators h, q1, . . . , qn there is no
ambiguity at all.
Lemma 4.7. Let ρ ∈ R(pi, S˜L2) be any other lift of ρ. Then ρ(h) = ρ0(h)
and ρ(qj) = ρ0(qj).
Proof. Write
ρ(h)(z, θ) = ρ0(h)(z, θ) + (0, 2piy),
ρ(qj)(z, θ) = ρ0(qj)(z, θ) + (0, 2pixj).
The relations q
αj
j h
βj = 1 and
∏
i[ui, vi]
∏
j qj = h
b then yield the equation
C


x1
...
xn
y

 = 0
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with
C =


α1 0 · · · 0 β1
0 α2 · · · 0 β2
...
...
. . .
...
...
0 0 · · · αn βn
1 1 · · · 1 −b

 .
Recall that the Euler number e was defined as e = −(b+∑j βj/αj), hence
detC =
∣∣∣∣∣∣∣∣∣∣∣
α1 0 · · · 0 β1
0 α2 · · · 0 β2
...
...
. . .
...
...
0 0 · · · αn βn
0 0 · · · 0 e
∣∣∣∣∣∣∣∣∣∣∣
= α1...αne
6= 0.
This implies that the only solution is x1 = ... = xn = y = 0. ✷
Remark 4.8. Observe that the condition e 6= 0 (that is, S˜L2-geometry as
opposed to M being modelled on H2 × R) enters crucially in this lemma.
Notice further that ρ(h) is forced to be the vertical shift by 2pir, with r equal
to the fibre index, no matter what ρ is.
For the generators ui, vi, on the other hand, there is a certain freedom in
choosing lifts. Indeed, we can define a lift ρw ∈ R(pi, S˜L2) of the representation
ρ ∈ R(piorb,PSL2R) for any w ∈ Z2g by setting
ρw(ui)(z, θ) = ρ0(ui)(z, θ) + (0, 2piw2i−1),
ρw(vi)(z, θ) = ρ0(vi)(z, θ) + (0, 2piw2i),
and any lift of ρ to R(pi, S˜L2) must be of this form.
Conversely, if we are given a representation ρ ∈ R(pi, S˜L2), the discrete
subgroup ρ(pi) ⊂ S˜L2 preserves the fibration S˜L2 → H2, which induces a
Seifert fibration of ρ(pi)\S˜L2. The central element h ∈ pi must map to the
centre of S˜L2, which equals the kernel of the projection
Isom0(S˜L2) ⊃ S˜L2 pr−→ Isom0H2 = PSL2R,
and pr ◦ ρ defines an element of R(piorb,PSL2R), cf. [24, Thm. 4.15].
Notice that we have a free Z2g-action on R(pi, S˜L2) defined by
Z2g ×R(pi, S˜L2) −→ R(pi, S˜L2)
(w′, ρw) 7−→ ρw+w′ ,
and a section ρ0 of the covering R(pi, S˜L2)→R(piorb,PSL2R).
This concludes the proof of Theorem 4.3. ✷
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Remark 4.9. Observe that with C the matrix from the proof of Lemma 4.7,
|detC| = α1 · · ·αn|e| equals the order of the torsion subgroup of the abelia-
nised pi. The αj are recovered from pi as the orders of the different maximal
cyclic subgroups (modulo conjugation) of piorb, which is the quotient of pi by
its centre 〈h〉. The genus g of the base orbifold is determined by the rank of
the abelianised pi (which equals 2g). This allows to compute |r| = |χorb/e|
from the abstract group structure of pi alone. Fixing a sign of r amounts to
fixing orientations of OM and the Seifert fibres; with this choice of sign the
normalised Seifert invariants are recovered from pi. Alternatively, the Seifert
invariants and pi can be recovered from piorb and r.
Remark 4.10. Throughout this paper we have been thinking of pi and piorb as
deck transformation groups, rather than as fundamental groups of homotopy
classes of based loops. In the course of proving equation (2), however, we had
to show that the action (on the fibre of S˜L2 → H) of a certain word w ∈ pi
could be computed as parallel transport along a suitable loop in H. It is
tempting to believe that this loop corresponds directly to the projected word
w ∈ piorb if piorb is reinterpreted in terms of homotopy classes of loops. We
deem it worth pointing out that the relation between the fundamental group
of a topological space X interpreted as a deck transformation group (which
we shall denote pi) and the fundamental group interpreted in terms of loops
based at x0 (for which we write pi1(X,x0)) is a little more subtle, a fact that
is usually brushed over in elementary treatments. (For orbifold fundamental
groups there are completely analogous statements.)
Write p : X˜ → X for the universal covering. It is well-known that pi1(X,x0)
acts on p−1(x0) from the right, with [γ] ∈ pi1(X,x0) sending y ∈ p−1(x0) to the
endpoint yγ of the lift of γ to X˜ with initial point y. If we fix an x˜0 ∈ p−1(x0),
there is a unique deck transformation uγ such that uγ(x˜0) = x˜0γ. One checks
easily that the map [γ] 7→ uγ defines an isomorphism pi1(X,x0) → pi, where
composition in pi1(X,x0) is read from the left as composition of paths, in pi
from the right as composition of maps.
However, this isomorphism depends crucially on the choice of x˜0. If x˜0 is
replaced by u(x˜0) for some u ∈ pi, one verifies that the corresponding isomor-
phism pi1(X,x0)→ pi is given by [γ] 7→ uuγu−1.
This implies that the loop (1) corresponds, under the isomorphism of
piorb1 (OM , x0) with pi
orb determined by the choice of x˜0, not to the word in
equation (2), but to a word where the letters have been replaced by increas-
ingly complicated conjugate letters.
Theorem 4.11. Let M be a left-quotient of S˜L2. The Teichmu¨ller space
T (M) of taut contact circles on M is a trivial principal Z2g-bundle over the
Teichmu¨ller space T (OM ) of hyperbolic metrics on the base orbifold OM of the
unique Seifert fibration M → OM .
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The moduli space M(M) is an r2g-fold branched covering of M(OM ),
where g is the genus of OM and the integer r is determined from the Seifert
bundle structure M → OM by the equation r = χorb(OM )/e.
Proof. We have seen that the projection S˜L2 → PSL2R induces a covering map
R(pi, S˜L2) → R(piorb,PSL2R), and this in turn induces a map T alg(M) →
T alg(OM ). This map is well-defined, since any inner automorphism of S˜L2
induces an inner automorphism of PSL2R. Furthermore, integer shifts in fibre
direction of S˜L2 → H2 lie in the centre of S˜L2, so it follows directly from
the proof of Theorem 4.3 that T alg(M) is a trivial principal Z2g-bundle over
T (OM ).
Similarly, we have a map T (M) → T (OM ), defined as follows: The com-
mon kernel kerω1 ∩ kerω2 of a taut contact circle gives M the structure of
a Seifert fibration. The Seifert fibration of M being unique up to isotopy,
we can choose a representative of [(ω1, ω2)] ∈ T (M) such that it induces the
fixed Seifert fibration M → OM . The unique (−1)-Cartan structure in the
homothety class of this representative then induces a hyperbolic metric and
an orientation on OM .
It is not difficult to see that these maps fit together to form a commutative
diagram
T (M) Φ−−−→ T alg(M)y y
T (OM ) φ−−−→ T alg(OM ).
Remark 4.12. There are natural topologies on T (M) and T alg(M) which
turn the vertical arrows into covering maps. The fact that φ is a homeomor-
phism then implies that the bijection Φ is a homeomorphism as well.
In order to determine the moduli space M(M) we need some information
about the automorphism group of pi.
Lemma 4.13. There is a split short exact sequence
0 −→ Z2g −→ Aut(pi) −→ Aut(piorb) −→ 1,
where c ∈ Z2g acts on pi by
ui 7−→ uihc2i−1 ,
vi 7−→ vihc2i .
Proof. Except for the surjectivity of the homomorphism Aut(pi)→ Aut(piorb)
and the existence of a splitting this follows easily from the explicit presenta-
tions of pi and piorb. This surjectivity is a property specific to left-quotients
of S˜L2.
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We argue geometrically, as in the proof of the surjectivity of Φ in Section 3.
Given an element of Aut(piorb), it can be realised geometrically by a diffeo-
morphism ψ of OM , which may only permute cone points of equal multiplicity.
We may assume that ψ fixes an additional base point, distinct from any of
the cone points. Changing, if necessary, ψ by an isotopy fixing the base point
x0 and the cone points x1, . . . , xn, we can find disjoint disc neighbourhoods
D0, . . . ,Dn of these points such that ψ preserves the complement U ⊂ OM
of this collection of discs and either fixes the boundary curve of each disc (if
ψ is orientation preserving) or reverses each of these curves (in the orienta-
tion reversing case). Over U the Seifert bundle is trivial, so ψ lifts to the
diffeomorphism ψ × (±id) of U × S1.
By Remark 4.2 the Seifert invariant (α, β) of a multiple fibre only depends
on the multiplicity α (for a fixedM with a choice of base and fibre orientations,
and hence fixed r). Depending on whether ψ preserves or reverses orientation,
it is a straightforward matter to check that exactly one of ψ×(±id) extends to
a diffeomorphism ψ of M which induces an automorphism of pi that projects
to the given automorphism of piorb.
For a fixed choice of trivialisation U × S1, the diffeomorphism ψ is deter-
mined up to isotopy by ψ, so it follows that the map Aut(piorb) → Aut(pi),
associating to the automorphism induced by ψ the one induced by ψ, is a split-
ting of the short exact sequence. Since h is central in pi, one sees for purely
algebraic reasons that there is a Z2g-worth of such splittings. Geometrically,
they correspond to the different choices of trivialisations U × S1. ✷
We continue with the proof of Theorem 4.11. Before turning to the moduli
space, we consider the Chabauty space
S(M) = R(pi, S˜L2)/Aut(pi).
By Lemma 4.7 we have ρ(h)(z, θ) = (z, θ + 2pir) for any ρ ∈ R(pi, S˜L2), and
from the definition of the principal Z2g-action on R(pi, S˜L2) we infer that
c ∈ Z2g ⊂ Aut(pi) acts on R(pi, S˜L2) by
ρw 7−→ ρw+rc.
Hence, by first dividing out this Z2g-action, and then the Aut(piorb)-action, we
get
S(M) = (R(piorb,PSL2R)× Z2gr )/Aut(piorb).
The Weil space consists of faithful representations, and so Aut(piorb) acts freely
on it. It follows that S(M) is a Z2gr -bundle, i.e. an r2g-fold covering, of
S(OM ) = (R(piorb,PSL2R))/Aut(piorb).
The moduli space M(M) may now be regarded as
T alg(M)/Out(pi) = (T alg(M)/Z2g)/Out(piorb),
28
or as
Inn(S˜L2)\S(M).
In either case, M(M) is obtained as the quotient under an action that may
stabilise a point in the base (by which we mean T alg(OM ) or S(OM ), respec-
tively), without stabilising the points sitting over it, cf. [16, pp. 194–195]. This
results in the branching of the covering M(M) over M(OM ).
Geometrically, points with non-trivial stabiliser correspond to Seifert mani-
folds resp. base orbifolds with non-trivial isometries. ✷
A fundamental question about the moduli space for any kind of geo-
metric structure is whether it is connected. The moduli space being con-
nected amounts to there being a unique structure up to diffeomorphism and
deformations.
In our situation, this issue can be addressed by studying the covering
T alg(M)/Z2g → T (OM ); details will appear in [9]. The fibre of this covering
can be shown to be in natural one-to-one correspondence with the fibrewise
r-fold coverings M → STOM , with STOM denoting the unit tangent bundle
of OM (which is defined even in the presence of cone points). In particular,
for r = 2 and OM a surface without cone points, this corresponds to spin
structures on OM . More generally, for a choice of a hyperbolic structure on OM
and an r-fold fibrewise covering M → STOM , sections of M → OM are roots
of index r of (unit) tangent vectors, just like automorphic forms of weight 1/r
for the subgroup of PSL2R defining OM . The latter are traditionally required
to correspond to holomorphic sections of the associated complex line bundle;
in the presence of cone points, this last statement needs to be qualified.
In the case that OM is free of cone points, it turns out that M(M) is
connected for r odd, and it has exactly two components for r even. For r = 2
this corresponds to the fact that there are exactly two spin structures on OM
up to diffeomorphism, cf. [4]. It is worth pointing out that any surface of genus
g ≥ 2 (in fact, g ≥ 1 suffices) with its two non-diffeomorphic spin structures
represents the two elements in the spin cobordism group ΩSpin2
∼= Z2.
We conclude that there is indeed non-trivial branching in the covering
M(M)→M(OM ).
5 E˜2-geometry
The left-quotients of E˜2 under a discrete, cocompact subgroup Γ are, up to
diffeomorphism, exactly the five T 2-bundles over S1 with periodic monodromy
A ∈ SL2Z, cf. [22]. Table 1 gives a choice of possible monodromy matrices A,
their periods, and the lattices in C generated by 1 and τ , Im τ > 0, which are
invariant under the action of A ∈ SL2Z ⊂ GL2R (here the action is the usual
linear one on R2 = C).
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A period τ H1(M)(
1 0
0 1
)
1 any Z3
( −1 0
0 −1
)
2 any Z⊕ Z2 ⊕ Z2
(
0 −1
1 −1
)
3 exp(2pii/3) Z⊕ Z3
(
0 −1
1 0
)
4 i Z⊕ Z2
(
0 −1
1 1
)
6 exp(2pii/6) Z
Table 1: T 2-bundles over S1.
We label the five left-quotients of E˜2 as Mk, with k denoting the period
of the monodromy matrix defining Mk, but we continue to write T
3 for the
3-torus M1.
If the monodromy matrix is A =
(
α β
γ δ
)
, then the fundamental group
pi = pi1(M) of the total space has the presentation
pi =
{
s, t, b : st = ts, bsb−1 = sαtγ , btb−1 = sβtδ
}
,
cf. [23]. In Table 1 we also list the first homology groups H1(M), obtained by
abelianising pi1(M). This gives a proof of our claim made in Section 3 that
these spaces are distinguished by their fundamental groups.
We now want to study the Weil spaces R(pi, E˜2) for the five different
groups pi. Given a representation ρ : pi → E˜2, write
ρ : pi −→ E2 = Isom0R2
for the composition of ρ with the projection E˜2 → E2.
Recall the definition of translational and rotational part of an element
in E˜2 given in Section 2. Elements with rotational part in 2piZ are naturally
identified with translations of R3.
Lemma 5.1. Let s, t ∈ pi be commuting elements of infinite order which gen-
erate a (normal) subgroup Z ⊕ Z of pi. Then ρ(s) and ρ(t) are translations
of R2, hence ρ(s) and ρ(t) are translations of R3.
Normality of the subgroup generated by s and t will not be used in the
following proof, but it will hold in all cases where we apply this lemma.
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Proof. Write
ρ(s) =
((
xs
ys
)
, θs
)
.
We want to show that θs ∈ 2piZ. Arguing by contradiction, we assume θs 6∈
2piZ, so ρ(s) is not a translation. Then ρ(s) is rotation about a unique fixed
point zs ∈ R2. Since s and t commute, we get
ρ(s)ρ(t)(zs) = ρ(t)ρ(s)(zs) = ρ(t)(zs),
hence ρ(t)(zs) = zs. So ρ(s), ρ(t) are rotations about zs ∈ R2 with angle θs, θt,
respectively.
If θt/θs ∈ Q, then mθs + nθt = 0 for suitable m,n ∈ Z \ {0}. This implies
that ρ(smtn) is the identity element in E˜2, so ρ would not be faithful.
If θt/θs 6∈ Q, then, as is well known, for any ε > 0 one can find m,n ∈ Z
such that
0 < |mθs + nθt| < ε.
So in this case ρ would not have a discrete image.
Since ρ ∈ R(pi, E˜2) is, by definition, faithful and with discrete image, the
assumption θs 6∈ 2piZ leads to a contradiction. ✷
To state the geometric description of the deformation spaces we recall some
standard notation. As in Section 4 we write
H2 = {τ ∈ C : Im τ > 0}
for the upper half-plane, on which SL2Z acts from the left by fractional linear
transformations. Write H2×T 2 for the trivial T 2-bundle over H2 defined as a
quotient
(H2 × C)/ ∼,
where (τ, z) ∼ (τ ′, z′) if and only if τ = τ ′ and z − z′ lies in the lattice
〈1, τ〉 ⊂ C generated over Z by 1 and τ . This topologically trivial T 2-bundle
is the ‘universal elliptic curve’: a bundle over the Teichmu¨ller space H2 of
elliptic curves, where the fibre over a point τ ∈ H2 is exactly the elliptic
curve corresponding to that element of Teichmu¨ller space. Cf. Section 7 for
the analogous construction of universal families for taut contact circles on
3-manifolds.
The natural diagonal action of SL2Z on H2 × T 2 is given by
SL2Z ∋
(
a b
c d
)
: (τ, z mod 〈1, τ〉) 7−→
(
aτ + b
cτ + d
,
z
cτ + d
mod 〈1, aτ + b
cτ + d
〉
)
.
The following theorem describes the moduli spaces of taut contact circles
on the five left-quotients of E˜2. The subsequent proof will also contain a
description of the corresponding Teichmu¨ller spaces.
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Theorem 5.2. Let Mk be the T
2-bundle over S1 with periodic monodromy of
period k ∈ {1, 2, 3, 4, 6}. The moduli spaces M(Mk) of taut contact circles are
given in the following table:
k M(Mk)
1 N× SL2Z\(H2 × T 2)
2 {r ∈ N : r ≡ 1 mod 2} × PSL2Z\H2
3 {r ∈ N : r ≡ ±1 mod 3}
4 {r ∈ N : r ≡ ±1 mod 4}
6 {r ∈ N : r ≡ ±1 mod 6}
Proof. (i) For M1 = T
3, Lemma 5.1 applies to show that ρ(u) is a translation
for all u ∈ pi ∼= Z3, hence R(Z3, E˜2) ⊂ R(Z3,C × 2piZ) (after identifying the
translational parts of elements in E˜2 with C). Observe that the action ρ 7→ ρw
of w ∈ E˜2 by conjugation on ρ is as follows: If w is a translation this action is
trivial; if the translational part of w is 0, then ρw(u) is obtained by rotating
the translational part of ρ(u) by an angle equal (mod 2pi) to the rotational
part of w. This implies that the left-action of Inn(E˜2) and the right-action
of R+ on R(Z3,C × 2piZ) together constitute the standard C∗-action on C3.
Hence
T (T 3) = {([z1 : z2 : z3], (r1, r2, r3)) ∈ CP 2 × Z3 :
rankR((z1, r1), (z2, r2), (z3, r3)) = 3} .
Notice that the points in T (T 3) with fixed coordinates (r1, r2, r3) ∈ Z3 form
the complement of a real hypersurface in CP 2. For (r1, r2, r3) = (0, 0, 1), the
zj-coordinates of a point in T (T 3) are of the form [1 : z2 : z3] with z2 6∈ R.
Hence, topologically T (T 3) consists of a disjoint union of copies of R4.
We now turn to M(T 3) = T (T 3)/Out(Z3). Given ρ ∈ R(Z3, E˜2), one can
find a basis a1, a2, a3 for Z3 such that the rotational parts of ρ(a1) and ρ(a2)
are zero, and their translational parts form a negative basis for R2 = C (with
respect to the complex orientation), and such that the rotational part of ρ(a3)
is equal to 2pir with r ∈ N. Here r is the greatest common divisor of the
rotational parts/2pi of the ρ(u), u ∈ Z3 (all of which lie in 2piZ).
The right action of Out(Z3) = GL3Z allows us to make arbitrary basis
changes in Z3, so we can fix a basis e1, e2, e3 and assume that our representative
ρ of [ρ] ∈ M(T 3) maps this fixed basis as described above for a1, a2, a3. Any
further action of Out(Z3) on special representatives of this kind is then given
by the subgroup B ⊂ SL3Z consisting of elements which stabilise the subgroup
Z2 ⊕ 0 ⊂ Z3 generated by e1 and e2. That is, elements of B are of the form
 b11 b12 ∗b21 b22 ∗
0 0 1

 ,
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with B = (bij) ∈ SL2Z (here SL3Z acts on Z3 from the left).
Furthermore, the C∗-action on R(Z3, E˜2) allows us to assume that our
representative ρ is as follows:
ρ(e1) = (τ, 0), τ ∈ H2,
ρ(e2) = (1, 0),
ρ(e3) = (z, 2pir), r ∈ N.
We call this a representation in standard form. Thus, writing R′′(Z3, E˜2) for
the space of special representations as just described, we get
M(T 3) = R′′(Z3, E˜2)/B,
and this translates into the description given in the theorem, in complete
analogy with the usual description of moduli space for surfaces of genus 1.
The only difference is due to the additional parameters r and z. The fact that
−id ∈ SL2Z acts non-trivially on z means that we cannot pass from SL2Z
to PSL2Z. Notice that away from the fixed points of the SL2Z-action on H2,
the space SL2Z\(H2×T 2) is the universal elliptic curve over the moduli space
SL2Z\H2 of elliptic curves; over the fixed points the fibre is the quotient of an
elliptic curve by a finite group action.
(ii) As we pass to higher values of k, the symmetries coming from a non-
trivial monodromy mean that we lose the freedom in the parameters z and τ .
This accounts for the loss in dimension of the corresponding moduli spaces.
In all these remaining cases k ∈ {2, 3, 4, 6} we fix a presentation of pi = pi(k)
as at the beginning of this section. Let ρ be an element of R(pi, E˜2). From
Lemma 5.1 we know that ρ(s) and ρ(t) are translations. The element ρ(b),
on the other hand, cannot be a translation; otherwise it would commute with
ρ(s) and ρ(t), and ρ would not be faithful.
Conjugation of ρ by a translation in E˜2 does not affect translations, and
it allows to change the fixed point in R2 = C of a rotation. So we can choose
a representative ρ for [ρ] ∈ T (Mk), k ∈ {2, 3, 4, 6}, in such a way that ρ(b) is
a rotation about 0 ∈ C.
Since bk does commute with s and t, Lemma 5.1 shows that ρ(bk) is a
translation. But it fixes 0 ∈ C, so it must be trivial. Hence ρ(b) = (0, 2pir/k)
with r ∈ Z− {0}.
As earlier we write θu for the rotational part of ρ(u) ∈ E˜2, u ∈ pi. We have
θuv = θu + θv, so the relations in pi yield the following equations:
θs = αθs + γθt,
θt = βθs + δθt,
or as a matrix equation,(
α− 1 γ
β δ − 1
)(
θs
θt
)
=
(
0
0
)
.
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The determinant of this (2× 2)-matrix is
(α− 1)(δ − 1)− βγ = αδ − βγ − (α+ δ) + 1 = 2− traceA.
For a periodic matrix A ∈ SL2Z different from the identity matrix we have
traceA 6= 2, so the only solution to the equation above is θs = θt = 0.
Therefore, any element of T (Mk) has a representative of the form
ρ(s) = (1, 0),
ρ(t) = (τ, 0), τ ∈ C− R,
ρ(b) = (0, 2pir/k), r ∈ Z− {0}.
(As in (i), rotation of the translational parts can be effected by conjugation
with a rotation w ∈ E˜2.)
(iii) Now consider the different values of k in turn, beginning with k = 2:
To get a representation for pi(2) it is necessary and sufficient to have r odd, so
T (M2) = {r ∈ Z : r ≡ 1 mod 2} × (C− R).
The group pi(2) admits automorphisms which send any of the generators
s, t, b to their inverse and fixes the others. So in M(M2) = T (M2)/Out(pi(2))
we may impose on the representative ρ for a given class the further conditions
Im τ > 0 and r ∈ N.
Any further action of Out(pi(2)) on representations of this kind must (and
can) be of the form
s 7−→ satb, t 7−→ sctd
for arbitrary
(
a b
c d
)
∈ SL2Z, where the action of −id ∈ SL2Z is trivial
modulo Inn(E˜2). It follows that M(M2) is as claimed.
(iv) k = 3, 4, 6: The arguments in these three cases are completely analo-
gous to one another, and we only present the one for k = 3. The presentation
of pi(3) is
pi(3) =
{
s, t, b : st = ts, bsb−1 = t, btb−1 = s−1t−1
}
.
Since the monodromy has order 3, we must have r ≡ ±1 mod 3 in the de-
scription of ρ. Then the relation bsb−1 = t forces τ = exp(2pii r/3). This is
consistent with btb−1 = s−1t−1, indeed, the given τ satisfies τ2 = −1 − τ .
Hence
T (M3) = {r ∈ Z : r ≡ ±1 mod 3}.
The group pi(3) admits an automorphism defined by
s 7−→ s, t 7−→ s−1t−1, b 7−→ b−1,
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as can also be seen from the geometry of the torus bundle, and there are no
other non-trivial outer automorphisms to consider. Thus
M(M3) = T (M3)/± = {r ∈ N : r ≡ ±1 mod 3}.
This completes the proof of Theorem 5.2. ✷
6 SU(2)-geometry
In this section we return to the study of taut contact circles on left-quotients
M of SU(2). Our aim is to obtain information about the Teichmu¨ller spaces
T (M) of taut contact circles on these manifolds. SinceM(M) is known (Theo-
rem 2.2) and
M(M) = T (M)/(Diff(M)/Diff0(M)),
we need to investigate the action of the homeotopy group
Λ(M) = Diff(M)/Diff0(M)
on taut contact circles. Notice that, as a set, this homeotopy group can be
identified with the set pi0(Diff(M)) of path-connected components of Diff(M).
First we recall the list of finite subgroups of SU(2), see [33, Thm. 2.6.7]. We
also fix a particular representation ρ of these groups in SU(2). Thus we do not
distinguish between the abstract group pi and its image Γ = ρ(pi) ⊂ SU(2), and
we identify u ∈ pi both with ρ(u) ∈ Γ and its action Lρ(u) by left multiplication.
For our purposes this is justified since, by the cited theorem, isomorphic finite
subgroups of SU(2) are actually conjugate in SU(2).
We identify SU(2) with the unit quaternions S3 ⊂ H by the group isomor-
phism (
a0 + ia1 b0 + ib1
−b0 + ib1 a0 − ia1
)
7−→ a0 + ia1 + jb0 + kb1.
• The cyclic group Cm of order m, generated by x = cos(2pi/m) +
i sin(2pi/m).
• The binary dihedral group of order 4n,
D∗4n =
{
x, y : x2 = (xy)2 = yn
}
,
generated by x = i and y = cos(pi/n) + j sin(pi/n). The group
D∗8 = {±1,±i,±j,±k}
is also called the quaternion group Q8.
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• The binary tetrahedral group of order 24,
T ∗ = Qx,y8 ⋊ C
z
3 ,
generated by x = i, y = j, and z = −(1 + i+ j + k)/2. Here C3 acts on
Q8 by zxz
−1 = y and zyz−1 = xy.
• The binary octahedral group of order 48,
O∗ = T ∗ ⋊ Cw4 /(w
2 = x2),
with w = (i − k)/√2. The action of C4 on T ∗ is given by wxw−1 = yx,
wyw−1 = y−1, and wzw−1 = z−1.
• the binary icosahedral group of order 120 with presentation
I∗ =
{
a, b : a2 = (ab)3 = b5, a4 = 1
}
.
Remark 6.1. The groups T ∗ and O∗ also admit the more concise presenta-
tions {
a, b : a2 = (ab)3 = bβ, a4 = 1
}
, β = 3, 4,
but the presentations above are more useful for our purposes. For T ∗, for
instance, the isomorphism between the two presentations is given by a 7→ x
and b 7→ yz.
Let ϕ be a diffeomorphism ofM = Γ\SU(2). This lifts to a diffeomorphism
ϕ of SU(2), which defines an automorphism ϑϕ of Γ by
ϕ ◦ u ◦ ϕ−1 = ϑϕ(u) ∀u ∈ Γ.
Different lifts ϕ of ϕ differ by a deck transformation (i.e. an element of Γ), so
the equivalence class [ϑϕ] ∈ Out(Γ) is determined by ϕ, and it is easy to check
that ϕ 7→ ϑϕ defines a homomorphism.
If ϕt is an isotopy from ϕ0 = ϕ to ϕ1 = id, there is a lifted isotopy ϕt
from ϕ0 = ϕ to a deck transformation ϕ1 = w ∈ Γ. During this isotopy the
automorphism ϑϕ of the discrete group Γ is forced to stay fixed. So there is a
well-defined homomorphism
χ : Λ(M) −→ Out(Γ)
[ϕ] 7−→ [ϑϕ].
We first consider the case that M = Γ\SU(2) is a quotient of SU(2) under
one of the non-abelian subgroups Γ of SU(2). We know that in this case the
moduli space M(M) consists of a single point. Since M(M) = T (M)/Λ(M),
it follows that T (M) is a discrete set on which Λ(M) acts transitively. So
the order |T (M)| of this set is equal to |Λ(M)/Λ0(M)|, where Λ0(M) denotes
the subgroup of Λ(M) stabilising a particular element of T (M), say the one
represented by ω1 + iω2 = z1dz2 − z2dz1. In the sequel we are going to deter-
mine |Λ0(M)|, and with that information we obtain the following theorem.
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Theorem 6.2. LetM = Γ\SU(2) be a left-quotient of SU(2) under a discrete,
cocompact, non-abelian subgroup Γ. Then T (M) is a discrete set, and the
order of this set is given in the following table, where we write |Λ| = |Λ(M)|
for short:
Γ Q8 D
∗
8n+4 D
∗
8n+8 T
∗ O∗ I∗
|T (M)| |Λ|/6 |Λ|/2 |Λ| |Λ|/2 |Λ| |Λ|
Remark 6.3. We are not aware of any information about |Λ(M)| for the
non-abelian groups Γ.
Lemma 6.4. Let M be a non-abelian left-quotient of SU(2). Then
χ|Λ0(M) : Λ0(M) −→ Out(Γ)
is a monomorphism onto the subgroup Out0(Γ) of outer automorphisms of
Γ ⊂ SU(2) that are given by conjugation with a matrix in SL2C.
Proof. Let [ϕ] be an element of Λ0(M). This means that ϕ preserves the
homothety class of ω1 + iω2 = z1dz2 − z2dz1 up to a diffeomorphism isotopic
to the identity. Hence, without changing the class [ϕ] we may actually assume
that ϕ fixes this homothety class. Moreover, the rotation of (ω1, ω2) can be
effected (on S3) by the flow of the left-invariant vector field X defined by
ω1(X) = ω2(X) = 0 and dω1(X, .) = ω1 (this is simply the Hopf vector
field). This flow descends to M , so we may assume that ϕ fixes the conformal
class of (ω1, ω2), say ϕ
∗(ω1, ω2) = v(ω1, ω2) with v : M → R+. Lift ϕ to a
diffeomorphism ϕ of S3 and v to a function v on S3. From the construction
in [5, Section 3] it follows that the diffeomorphism
φ : S3 × R −→ S3 × R
(x, t) 7−→ (ϕ(x), t − log v(x))
is an R- and Γ-equivariant holomorphic automorphism of C2 − {(0, 0)} under
the natural identification of that space with S3 × R, and it preserves the
holomorphic 1-form ω1+ iω2. This φ extends to an automorphism of C2 fixing
the origin. The R-equivariance implies that the holomorphic differential of φ
is bounded, and hence constant. Therefore φ has to be a linear automorphism,
and the fact that it preserves d(ω1 + iω2) = dz1 ∧ dz2 forces φ ∈ SL2C. The
Γ-equivariance of φ takes the form
φ ◦ u ◦ φ−1 = ϑϕ(u) ∀u ∈ Γ,
where the left-hand side may now be read as matrix multiplication in SL2C.
Conversely, if we start with an element of SL2C that normalises Γ, then it
induces an R-equivariant diffeomorphism of Γ\(C2 − {(0, 0)}) ∼= M × R that
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preserves ω1+iω2 = z1dz2−z2dz1, and hence a diffeomorphism ofM preserving
the conformal class of (ω1, ω2). This proves that χ(Λ0(M)) = Out0(Γ).
It remains to prove injectivity of χ|Λ0(M). Since the image χ(Λ0(M))
consists of automorphisms given by conjugation with an element φ ∈ SL2C, it
suffices to show that the condition
φ ◦ u ◦ φ−1 = wuw−1 ∀u ∈ Γ,
with φ ∈ SL2C and some w ∈ Γ, forces φ ∈ Γ. But this follows easily from the
fact that the C-linear span of any non-abelian subgroup Γ ⊂ SU(2) consists
of all complex (2 × 2)-matrices, so the preceding condition (which is C-linear
in u) does in fact imply φ = w. This concludes the proof of the lemma. ✷
Together with the following proposition, this lemma constitutes a proof of
Theorem 6.2.
Proposition 6.5. The groups Out0(Γ) are as given in the following table:
Γ Q8 D
∗
8n+4 D
∗
8n+8 T
∗ O∗ I∗
Out0(Γ) S3 C2 1 C2 1 1
Proof. (i) Q8: The group Aut(Q8) contains as a normal subgroup the Klein
4-group V4, corresponding to the sign changes of i and j (the sign of k is then
determined). These are inner automorphisms of Q8, given by conjugation with
i, j, or k. The quotient group Aut(Q8)/V4 is isomorphic to the symmetric
group S3, acting by permutations of i, j, and k. The transposition (ij) is
given by conjugation with the unit quaternion (1 + k)/
√
2,
1 + k√
2
i
1− k√
2
= j.
The 3-cycle (ijk) = (jk)(ik) is given by conjugation with
1 + i√
2
1− j√
2
=
1 + i− j − k
2
.
These are not inner automorphisms, but they are generated by conjugation
with unit quaternions, and hence elements of SU(2) ⊂ SL2C under our iden-
tification of the unit quaternions with SU(2). It follows that
Out(Q8) = Out0(Q8) = S3.
(ii) D∗4n, n ≥ 3: From the relation x2 = (xy)2 = yn one obtains x−1yx =
y−1, hence
x2 = x−1x2x = x−1ynx = y−n = x−2,
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so x is of order 4 and y of order 2n. Since yx = xy−1, a complete list of
elements of D∗4n is given by{
1, y, . . . , y2n−1, x, xy, . . . , xy2n−1
}
.
The order of each element of the form xyk is equal to 4. It follows that
automorphisms of D∗4n, n ≥ 3, can only be of the form x 7→ xyl, y 7→ yk
with gcd(k, 2n) = 1. The assumption that such an automorphism is given by
conjugating D∗4n ⊂ SU(2) with an element φ ∈ SL2C leads, via some simple
algebra, to the following list of possibilities:
x 7→ x, y 7→ y2n−1;
x 7→ xyn = x−1, y 7→ y;
x 7→ xyn = x−1, y 7→ y2n−1.
If we regard D∗4n as a subgroup of the unit quaternions, these automorphisms
are induced by conjugation with i, j and k, respectively. So the first one is
always inner; the second and third one are inner if and only if n is even (and
they always differ by an inner automorphism).
(iii) T ∗: This group contains Q8 as a normal subgroup, and it is a straight-
forward check from the explicit presentations that the non-trivial elements of
Q8 ⊂ T ∗ are characterised as exactly those elements of T ∗ that have order 4.
It follows that any automorphism of T ∗ induces an automorphism of Q8. So
we can refer to the results in (i).
The automorphism of Q8 given by conjugation with (1+k)/
√
2 also induces
one of T ∗, and it is not inner. Conjugation with (1+ i− j− k)/2 = zy, on the
other hand, is an inner automorphism. This implies Out0(T
∗) = S3/A3 = C2.
(iv) O∗: This group contains a unique copy of T ∗, so any automorphism
of O∗ will induce one of T ∗. Since xwz = (1 + k)/
√
2, the only possible outer
automorphism of T ∗ given by conjugation with an element of SL2C actually
comes from an inner automorphism of O∗. We infer that Out0(O
∗) is trivial.
(v) I∗: It is known that Out(I∗) = C2, cf. [33, p. 195]. Moreover, I
∗ has ex-
actly two non-equivalent irreducible complex fixed-point free representations,
both of degree 2, which differ by the non-trivial outer automorphism, see [33,
Lemma 7.1.7]. So this outer automorphism cannot come from conjugation
with an element in SL2C.
This concludes the proof of the proposition. ✷
We now turn to the lens spaces L(m,m− 1). Use the notation M1,M2 as
in Theorem 2.2 and write M˜1 for the complex slab {a ∈ C : 0 < Re(a) < 1}.
Theorem 6.6. For M = L(m,m − 1), the Teichmu¨ller spaces T (M) are as
follows:
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m T (L(m,m− 1))
1, 2 M1 ⊔M1 ⊔M2 ⊔M2
≥ 3 M˜1 ⊔M2 ⊔M2
Proof. (i) If m = 1 or 2 (i.e. M = S3 or RP 3), the identification of elements
in C(L(m,m − 1)) corresponding to the parameter values a, 1 − a (in the
continuous family of taut contact circles described in Section 2) can be effected
by the diffeomorphism of L(m,m − 1) induced by (z1, z2) 7→ (z2,−z1). This
diffeomorphism lies in Diff0(M) in both cases. Furthermore, we have Λ(M) =
C2, generated by the orientation reversing diffeomorphism (z1, z2) 7→ (z1, z2).
So Λ(M) acts non-trivially on T (M), and we conclude that T (M) consists of
two disjoint copies of M(M).
(ii) Ifm ≥ 3, we still have Λ(M) = C2, see [3], [13]. But the diffeomorphism
(z1, z2) 7→ (z2,−z1) conjugates the action of x = cos(2pi/m) + i sin(2pi/m) to
that of x. Since x and x are not conjugate in Cm for m ≥ 3, the induced
diffeomorphism of L(m,m− 1) cannot be isotopic to the identity. (In particu-
lar, this orientation preserving diffeomorphism defines the non-trivial element
in Λ(M), and M does not admit any orientation reversing diffeomorphism.)
As in the proof of Lemma 6.4 we see that a diffeomorphism of L(m,m − 1)
that preserves the homothety class of one of the standard models for a taut
contact circle, or sends the model with parameter value a to that with param-
eter 1− a, has to be induced by conjugation with an element φ ∈ SL2C. This
forces φ to be diagonal or anti-diagonal. The latter happens exactly when we
exchange a and 1− a and the automorphism of Cm induced by φ is x 7→ x. It
follows that T (M) is as claimed. ✷
7 The complex structure of Teichmu¨ller space
For manifoldsM modelled on S˜L2 we have seen in Theorem 4.11 that T (M)→
T (OM ) is a trivial principal Z2g-bundle, so we can equip T (M) with a com-
plex structure such that the projection onto T (OM ) becomes a local biholo-
morphism, where the complex structure on T (OM ) is the one from classical
Teichmu¨ller theory. For manifolds modelled on SU(2) or E˜2 we have described
the moduli spaceM(M) explicitly as a complex space. Our aim in the present
section is to show that these complex structures on T (M) or M(M) are the
‘natural’ ones to consider.
For the geometry SU(2) this may be justified from the explicit description
of the contact circles corresponding to points in M1 (see Theorem 2.2) in
terms of the complex parameter a. This description hinges on our theory
developed in [5] which relates taut contact circles on M to complex structures
on M × R. Here, by contrast and more intrinsically, we show that one can
associate with any taut contact circle a complex analogue of the Godbillon-
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Vey invariant, which essentially recovers the moduli parameter a in the case
of left-quotients of SU(2). That complex Godbillon-Vey invariant is in fact an
invariant of transversely conformal flows on 3-manifolds; this aspect will be
pursued further in a forthcoming paper [10].
For the geometries S˜L2 and E˜2 we describe universal families analogous
to those of Bers [1] in classical Teichmu¨ller theory. Such a universal family
consists of a holomorphic fibration over T (M), where the fibre over a point
σ ∈ T (M) is the complex surface (diffeomorphic to M × S1) determined –
in the sense of [5] – by the taut contact circle on M corresponding to σ.
Analogous universal families for Seifert 4-manifolds are described in [29].
(1) In the case of the geometry E˜2 we only need to consider k = 1 (i.e. taut
contact circles on the 3-torus). For k = 2 the construction will be similar. For
the other values of k the Teichmu¨ller spaces are discrete sets, so geometrically
the construction of a universal family is not an issue, but it might be of some
arithmetic interest.
For the 3-torus a universal family can best be defined over R′′(Z3, E˜2)
(and it can then be pulled back to T (T 3)). Given [ρ] ∈ R′′(Z3, E˜2), choose
the unique representative ρ in the standard form described in Section 5. Then
define a representation ρC : Z4 → C2 as follows:
ρC(e1) = (τ, 0),
ρC(e2) = (1, 0),
ρC(e3) = (z, 2piir),
ρC(e4) = (0, 1).
Recall that the identification of E˜2×E1 (where E1 denotes the Euclidean line)
with C2 is given by (z, θ, λ) ≡ (z, λ+ iθ) = (z, w), cf. [5, p. 192].
Now let EC be the quotient space of R′′(Z3, E˜2)×C2 under the equivalence
relation
([ρ1], (z1, w1)) ∼ ([ρ2], (z2, w2)) :⇐⇒
[ρ1] = [ρ2] and (z2 − z1, w2 − w1) ∈ ρC1 (Z4).
We have a natural complex structure on
R′′(Z3, E˜2) = N×H2 × C.
Using this and the identification of [ρ] with (r, τ, z), the space EC inherits a
complex structure such that the projection
ΨC : EC −→ R′′(Z3, E˜2)[
[ρ], (z, w)
] 7−→ [ρ]
is holomorphic. The fibres of ΨC are complex tori, and it is immediate from
the construction in [5] that Ψ−1
C
([ρ]) is biholomorphically equivalent to the
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complex torus naturally associated to the taut contact circle on T 3 defined
by ρ (with t0 = 1 in the notation of [5, p. 191]). These considerations show
that the complex structure on R′′(Z3, E˜2) is the one naturally adapted to
the study of taut contact circles within the complex geometric framework
developed in [5].
It is therefore appropriate to define a universal family E = E(T 3) of taut
contact circles on T 3 as the quotient space of R′′(Z3, E˜2) × E˜2 under the
analogue of the equivalence relation above, with C2 = E˜2×E1 replaced by E˜2
and ρC by ρ. Then
Ψ: E −→ R′′(Z3, E˜2)[
[ρ], (z, iθ)
] 7−→ [ρ]
is a smooth map such that Ψ−1([ρ]) is a copy of T 3 equipped with the taut
contact circle corresponding to ρ. The identification of Ψ−1([ρ]) with T 3 is
determined, up to an element of Diff0(T
3), by the requirement that, for a
fixed set of generators of pi1(T
3), the developing map of Section 3 give the
representation ρ in standard form.
The action of B onR′′(Z3, E˜2) can be extended to an action on E as follows.
Let ρ be a representative in standard form of an element [ρ] in R′′(Z3, E˜2),
and let ϑ ∈ B. Then ϑ acts on such a standard representative via
ρ 7−→ µ(ρ ◦ ϑ),
where µ = µ(ρ, ϑ) ∈ C∗ is determined by the condition that µ(ρ ◦ ϑ) be again
in standard form.
The fixed points of this action are exactly those [ρ] for which the 2-torus
T 2 = C2/(Z ⊕ Zτ) has a symmetry, given by multiplication by some µ ∈ C∗,
for which z ∈ T 2 is a fixed point. So we obtain a fibre space
E/B −→M(T 3),
where the fibres are copies ofM with a taut contact circle determined by [ρ] ∈
M(T 3), quotiented out by symmetries of the kind described. The possible
symmetries are given in the following table:
µ τ z
−1 (2-fold) arbitrary 0, 1/2, τ/2, 1/2 + τ/2
exp(2pii/3) (3-fold) exp(2pii/6), exp(2pii/3) 1/2 + i/(2
√
3), 1 + i/
√
3
i (4-fold) i 0, 1/2 + i/2
(2) In the case of the geometry S˜L2 we build a universal family from
the universal family of Bers [1] in analogy with the description for Seifert
4-manifolds given by Ue [29].
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According to [1] there is a fibre space
F(OM ) = {(σ, z) ∈ T (OM )× C : z ∈ D(σ)}
over T (OM ), where D(σ) is a domain in C on which piorb = piorb1 (OM ) acts
according to σ. With the complex structure on T (OM ) from classical Teich-
mu¨ller theory, D(σ) and the group σ(piorb) depend holomorphically on σ in a
sense explained in [1]. Holomorphic dependence of σ(piorb) on σ means that
the map (σ, z) 7→ (σ, σ(u)(z)) is holomorphic in σ ∈ T (OM ) and z ∈ D(σ) for
each fixed u ∈ piorb.
So σ is interpreted as a representation of piorb in the holomorphic auto-
morphisms of D(σ), and we have a biholomorphism hσ : H2 → D(σ) and a
representation ρ ∈ R(piorb,PSL2R) with [ρ] = σ ∈ T (OM ) such that there is
a commutative diagram
H2
ρ(u)−−−→ H2
hσ
y yhσ
D(σ)
σ(u)−−−→ D(σ).
No statement is made about the dependence of hσ on σ. Taking the quotient
of D(σ) by σ(piorb) in the fibre of F(OM ) over σ gives the holomorphic family
E(OM )→ T (OM ) of complex structures on OM .
To get the corresponding universal family of taut contact circles, the idea
is simply to construct the logarithmic differential of the commutative diagram
above. To this end, identify S˜L2 × E1 with H2 × C with coordinates (z, w),
so that w = λ+ iθ corresponds to log dz, with λ denoting the E1-coordinate.
Given w ∈ Z2g, write σ = σw = [ρw] ∈ T (M) for the corresponding lift of
σ = [ρ] ∈ T (OM ). Regarding H2 × C and D(σ) × C as holomorphic tangent
bundles, it makes sense to define a biholomorphism H2 × C→ D(σ)× C by
hσ(z, w) =
(
hσ(z), w + log
(∂hσ
∂z
)
(z)
)
.
Here the branch of the logarithm may be chosen arbitrarily (but holomorphi-
cally in z; this is possible since (∂hσ/∂z)(H2) is a simply connected domain
in C not containing 0.). With pi = pi1(M) and ρw as above, define a represen-
tation
ρC = ρC
w
: pi × Z −→ S˜L2 × E1
by
ρC(u, 0) = ρw(u) ∈ S˜L2 ⊂ S˜L2 × E1
and, with e0 denoting the neutral element of pi,
ρC(e0, 1)(z, w) = (z, w + 1).
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Since hσ commutes with translation in the w-coordinate and the ρw(u) are
lifts to S˜TH2 = H2 × C of the differentials of the ρ(u) (and hence unique up
to such translations), we can define a holomorphic map
σC(u, n) = σC
w
(u, n) : D(σ)× C −→ D(σ)×C
for each (u, n) ∈ pi × Z such that σC(u, n) covers σ(u) and such that we get
the commutative diagram
H2 × C ρ
C(u,n)−−−−→ H2 × C
hσ
y yhσ
D(σ)× C σ
C(u,n)−−−−→ D(σ)× C.
Notice that the choice of logarithm in the definition of hσ does not affect the
definition of σC(u, n), and that the map
(σ, z, w) 7−→ (σ, σC(u, n)(z, w)), σ ∈ T (M), (z, w) ∈ D(σ)× C
is holomorphic for any (u, n) ∈ pi × Z.
Analogous to the construction in (1) we define EC(M) as the quotient
space of
{(σ, z, w) ∈ T (M)× C× C : z ∈ D(σ)}
under the equivalence relation
(σ1, z1, w1) ∼ (σ2, z2, w2) :⇐⇒
σ1 = σ2 and (z2, w2) ∈ σC(pi × Z)(z1, w1).
With the complex structure thus induced on EC(M), the projection
ΨC : EC(M) −→ T (M)
is holomorphic and the fibre over σ is the complex surface associated (in the
sense of [5]) to the taut contact circle onM defined by σ. The universal family
Ψ: E(M) −→ T (M)
of taut contact circles on M is then also defined as in (1).
The action of Out(pi) on T (M) extends to an action on E(M) such that
E(M)/Out(pi) is a fibre space over M(M). Here the fibre over [σ] ∈ M(M) is
the quotient of M under the symmetries of the taut contact circle determined
by σ, which correspond to the biholomorphisms of the complex surfaceM×S1
(defined by σC) that are identical in the S1-factor.
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(3) We end this paper with an alternative description of the moduli of
taut contact circles on S3. The corresponding statements for left-quotients of
SU(2) can be derived without much difficulty.
In the sequel, (ω1, ω2) will always denote a pair of pointwise linearly
independent 1-forms on an orientable 3-manifold M . Then the line field
kerω1 ∩ kerω2 is orientable and thus admits nowhere zero sections.
Definition 7.1. (i) The complex-valued 1-form ω = ω1 + ω2 is formally
integrable if ω ∧ dω ≡ 0.
(ii) A nowhere zero vector field Y ∈ kerω1∩kerω2 defines a transversely
conformal flow if there is a complex-valued function f + ig on M such that
the Lie derivative of ω satisfies LY ω = (f + ig)ω.
Observe: (i) If (ω1, ω2) is a taut contact circle, then ω is formally integrable.
(ii) The condition LY ω = (f + ig)ω implies that the flow of Y preserves the
conformal structure transverse to Y defined by ω1 ⊗ ω1 + ω2 ⊗ ω2.
The two definitions just given are in fact equivalent:
Proposition 7.2. The complex 1-form ω = ω1 + iω2 is formally integrable
if and only if any nowhere zero vector field Y ∈ kerω1 ∩ kerω2 defines a
transversely conformal flow.
This is immediate from the following equivalences:
ω ∧ dω ≡ 0 ⇔ iY (ω ∧ dω) ≡ 0 for some/every nonzero Y ∈ kerω1 ∩ kerω2
⇔ ω ∧ LY ω ≡ 0
⇔ LY ω = (f + ig)ω.
The proof of the following proposition is completely analogous to the con-
struction of the Godbillon-Vey invariant for real codimension 1 foliations,
cf. [26], and will be left to the reader.
Proposition 7.3. Assume ω = ω1+ iω2 is formally integrable. Then there is
a complex 1-form γ such that dω = γ ∧ ω, and the complex number∫
M
γ ∧ dγ ∈ C
depends only on the oriented line field kerω1∩kerω2 and the transverse confor-
mal structure ω1⊗ω1+ω2⊗ω2. In particular, if (ω1, ω2) is a taut contact circle,
then this complex number is an invariant of the homothety class of (ω1, ω2).
Definition 7.4. We call the complex number
∫
M
γ ∧ dγ the Godbillon-Vey
invariant of the transversely conformal flow defined by ω.
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Write |S3| for the volume of S3 with repect to the volume form
4∑
i=1
xi∂xi⌋(dx1 ∧ dx2 ∧ dx3 ∧ dx4).
For the taut contact circle corresponding to [a] ∈ M1 in the notation of
Theorem 2.2, i.e. the class of a and 1− a, the Godbillon-Vey invariant can be
computed as
GV ([a]) =
∫
S3
γa ∧ dγa = − 2|S
3|
a(1− a) .
For the taut contact circle corresponding to n ∈M2 one finds
GV (n) =
∫
S3
γn ∧ dγn = − 2n|S
3|
(n+ 1)2
.
This will be proved in [10].
Notice that the class [a] ∈ M1 is determined by the complex number
a(1− a). So the Godbillon-Vey invariant defines a biholomorphism
M1 −→ {(x+ iy ∈ C : x ≥ y2}
[a] 7−→ a(1− a) = −2|S3|/GV ([a]).
Other aspects of the Godbillon-Vey invariant will be discussed in [10]. For
instance, for the pair of Liouville-Cartan forms on the unit cotangent bundle
of a surface with a Riemannian metric, the Godbillon-Vey invariant equals the
total Gauß curvature of the metric, and one can prove a generalisation of the
Gauß-Bonnet theorem about the topological invariance of this total curvature,
showing that under suitable assumptions the Godbillon-Vey invariant is not
just an invariant of the transversely conformal structure, but in fact only
depends on the oriented and cooriented common kernel foliation.
Furthermore, we shall prove there that the homothety class of a taut con-
tact circle on S3 is determined, up to diffeomorphism, by the oriented and
cooriented common kernel foliation, and define a diffeomorphism invariant of
such foliations that allow directly to recover the modulus of the taut contact
circle.
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